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Abstract

The synthetic control method estimates the effect of an intervention by comparing a treated
unit to a weighted average of untreated donors, and it is valid only when no donor is affected by
the treatment. The donors that receive the most weight are those whose pre-treatment paths
most closely follow the treated unit, and that closeness usually reflects the shared economic and
geographic structure through which a policy spills over. The method therefore concentrates its
weight on the donors most vulnerable to contamination. We characterize the resulting bias and
show that it enters only through the total weight the estimator places on exposed donors, under
an arbitrary exposure mapping rather than the linear factor structure assumed in earlier work.
This result motivates a randomization test that screens for interference before estimation. The
test asks whether the pre-to-post changes in donor outcomes trace a proximity pattern around
the treated unit, requires no model of the outcome, and is exact in finite samples. We then
develop three corrections based on covariate rescaling and ridge augmentation of the weights.
Each draws weight away from exposed donors using pre-treatment information alone, and each
trades a controlled amount of pre-treatment fit for a reduction in bias. In simulation the
corrections remove much of the bias and, under the most flexible variant, nearly all of it, while
preserving pre-treatment fit. Across four canonical applications the test finds no interference in
the original donor pools. This null is informative only when a pool contains both near and far
donors. Once the German reunification study of Abadie, Diamond, and Hainmueller is widened
from its original sample to every country with complete data, the test detects spillovers, and the
corrected estimates change the study’s conclusion.
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1 Introduction

Political scientists have spent decades documenting how policies travel across subnational borders:
state lotteries spread as border residents cross to play and their governments move to recapture the
leaked revenue (Berry & Berry, Berry & Baybeck, ; welfare benefits are set with one eye
on the neighbors’ (Volden, ; and local antismoking ordinances stall where smokers can take
their business across the boundary (Shipan & Volden, . Hundreds of studies record the same
regularity across policy domains (Graham et al., , and it cuts directly against the design logic
of comparative case studies. Synthetic control (SC) methods (Abadie, Abadie & Gardeazabal,
Abadie et al., construct a counterfactual for a treated unit by combining a small set
of donor units—typically neighboring states, nearby countries, or peers in a known network—whose
pre-intervention trajectories reproduce that of the treated unit. The features that make a donor a
good match also make it vulnerable to interference: shared economic structure, similar institutions,
and correlated exposure to common shocks arise from the same connections that transmit spillovers.
The method’s matching logic therefore favors the donors most likely to be exposed to spillovers. The
SC literature has largely treated these two concerns—fit and interference—in isolation.

SC is uniquely exposed to this tension because contamination enters deterministically through
the weight channel: once a donor j carries positive weight w; and receives spillover intensity p;,
the aggregate contamination mass jes PiW; (with £ the set of exposed donors) passes directly
into the estimated effect. This paper makes three contributions. First, we decompose the bias of
the SC estimator under interference into a single contamination channel that depends only on the
weight mass assigned to exposed donors. This extends Cao and Dowd from a linear factor
structure to an exposure-mapping framework and makes the contamination channel explicit and
actionable for design. Second, and most importantly, we propose a Fisherian ring diagnostic: a
finite-sample exact randomization test that detects whether pre-to-post outcome changes in the
donor pool exhibit a proximity pattern centered on the treated unit. The diagnostic requires minimal
assumptions, consumes no post-treatment outcome information beyond the change statistic, and
gives practitioners a concrete decision rule before estimation. Third, we develop three weight-
geometry corrections—covariate rescaling, constrained ridge, and unconstrained ridge—that act on
the contamination channel identified in the decomposition by incorporating spatial exposure directly
into the SC optimization and use only pre-treatment information. The diagnostic is the primary
novel element; the decomposition motivates it, and the corrections respond to it.

In simulation, baseline SC exhibits attenuation bias that scales with > jeg Py and the three
corrections reduce bias by 25-100% across the (7, p) grid—from partial reduction under constrained
ridge to near-complete elimination under the unconstrained variant—while largely preserving pre-
treatment fit. The ring diagnostic attains nominal size at @ = 0.05 under the sharp null and, at
the recommended three-ring partition, power exceeding 0.95 for p > 0.2 in medium-density donor
graphs (|€] = 4); in denser graphs the attainable power is capped near 0.82 by the exact test’s
permutation-count ceiling rather than by the signal-to-noise ratio. Turning to real data, across four
canonical SC applications (Abadie & Gardeazabal, Abadie et al., Ben-Michael et al.,
; Kikuta, the diagnostic finds no detectable interference in the original donor pools. The
pattern reverses once the donor pool widens. Expanding the German reunification study (Abadie
et al., to a broad candidate set of roughly 150 countries yields a diagnostic rejection (p = 0.017
under the default ring contrast), and corrected estimates that change the substantive conclusion.

Our contribution sits at the intersection of four active literatures. Closest is Cao and Dowd
, who analyze SC bias under spillovers in a linear factor model; our decomposition reproduces
their mechanical insight under a more general exposure-mapping primitive and pairs it with a
design-based test and corrections they do not develop. On SC inference, Cattaneo et al.



construct prediction intervals that account for both in-sample fit error and out-of-sample forecast
uncertainty. Chernozhukov et al. develop conformal procedures that deliver valid coverage
under weak assumptions on the residual process. Abadie and Vives-i-Bastida survey placebo-
based inference and document its sensitivity to donor-pool composition. We do not extend these
inference frameworks to the corrected estimators—a limitation we return to in the conclusion. The
diagnostic itself is finite-sample exact by construction. Di Stefano and Mellace propose
an inclusive SCM that models spillovers by embedding exposed donors with a structural spillover
term; our approach is design-based—we diagnose before estimating and modify weight geometry
rather than specify a spillover model. Penalized SC variants (Abadie & L’Hour, Ben-Michael
et al., Doudchenko & Imbens, regularize weights toward interpolation or toward an
outcome model; here the penalty is shaped by an exposure mapping rather than by proximity in
predictor space or by an auxiliary regression, and Ferman shows that such regularization
choices materially affect SC behavior when donors are many and periods long.

On interference, we adopt the exposure-mapping formalism of Hudgens and Halloran and
Aronow and Samii and connect it to Savje et al. , who study average treatment effects
under unknown interference. Viviano studies policy targeting under network interference,
where the design question is allocation rather than counterfactual construction; our focus is the
latter under the same exposure-mapping primitive. For difference-in-differences designs, Butts (2021]
and Clarke address spatial spillovers in DiD; the SC-specific weight-geometry channel studied
here does not appear in that panel-generic setting, where averaging across many controls mutes
individual-unit contamination.

SC is more vulnerable to interference than the designs it is often compared to. In difference-
in-differences, contamination from any single control is diluted by averaging across the untreated
panel. In matching, leverage is spread across multiple comparators per treated unit. In regression
discontinuity, identification rests on local contrasts that are approximately symmetric around the
cutoff, so proximate spillovers affect both sides alike. SC differs from all three: it places large,
concentrated weights on a handful of donors, the set of consequential donors is typically sparse
and geographically proximate (making exposure correlated with weight), and there is no symmetry
device to cancel the contamination term.

The remainder of the paper is organized as follows. Section [2] introduces the exposure-mapping
setup and states the bias decomposition. Section (3| develops the ring diagnostic and randomiza-
tion test. Sections [AH6] present the three weight-geometry corrections. The remaining sections
report simulation evidence and revisit four canonical applications, including the expanded German
reunification design, before concluding with practical guidance.

2 Spatial/Network Dependence and SUTVA in Synthetic Control

2.1 Synthetic control versus other designs under interference

Causal analyses of comparative case designs rest on the Stable Unit Treatment Value Assumption
(SUTVA), which asserts that unit i’s potential outcome under a joint assignment (z1,...,254+1)
depends only on its own assignment z;, and that there are no hidden versions of treatment (Holland,
Rubin, . Formally, SUTVA restricts Y;(z1,...,25+1) to Yj(z;) and guarantees a single
well-defined potential outcome for each treatment level. Together with consistency (Y°" = Yi(2;)),
this delivers the identification bridge that causal designs exploit: when a donor j is untreated
(z; = 0), its observed outcome equals its no-treatment potential outcome, Yﬁbs = Yj+(0), regardless
of the assignments received by other units.

Hence untreated units can supply information about the missing no-treatment path of a treated
unit, Y74(0), by enabling cross-unit substitution of observed outcomes for potential outcomes. The



same invariance underpins placebo and permutation procedures: randomization or placebo-in-space
tests rely on the distributional equivalence induced by SUTVA to compare treated units to re-labeled
controls without introducing assignment-dependent distortions. Absent SUTVA, observed donor
outcomes would in general be Yj;(0; 2—;) and could vary with other units’ assignments, severing the
link Yj‘;bs =Y+(0) that comparative estimators require and undermining the causal interpretation of
cross-unit contrasts.

When policies propagate through geography or networks, outcomes may depend on neighbors’
assignments and, as discussed above, SUTVA is violated. In such cases interference must be addressed
explicitly, whether through exposure mappings that compress the assignment vector into lower-
dimensional summaries of relevant neighbors (Aronow & Samii, Hudgens & Halloran,
Manski, , through randomization-based testing strategies (Bowers et al., Rosenbaum,
, or through epidemiological and statistical approaches that study identification, estimands, and
sensitivity analysis under interference (e.g., Sévje et al., Tchetgen Tchetgen & VanderWeele,
VanderWeele et al., . For synthetic control (SC), these issues are especially acute: because
post-treatment donor outcomes enter directly into the construction of the counterfactual, even
partial exposure of donors introduces bias into the estimator. Interference is thus not a secondary
complication but a direct pathway through which SC can be distorted—a point we develop formally
further below.

Within this broader landscape, synthetic control (SC) is attractive because it enables transparent,
design-based comparisons in comparative case studies with few units (Abadie, Abadie &
Gardeazabal, Abadie et al., . To see why SUTVA plays a distinctive role in SC,
recall how the estimator is constructed. Let X; € RX denote the treated unit’s pre-treatment
predictors and Xy € REXI7I the same predictors for donors J C {2,...,J + 1}. SC selects weights
weA={w>0:1"w =1} to minimize the pre-period discrepancy || X1 — Xow||? with V >~ 0
diagonal, and then applies the same convex weights to donor outcomes in the post-treatment
period. This design pays for minimal trend structure with a crucial reliance on SUTVA: because
the post-period donor outcomes enter the synthetic predictor, they must correspond to units with
no direct treatment and no indirect exposure. If donors are even partially exposed, the synthetic
counterfactual absorbs part of the treated effect and the estimated impact is distortedﬂ This
mechanism is the synthetic-control manifestation of the bias channel emphasized in linear-factor
settings when post-period shocks correlate with the weights (Ferman & Pinto, .

The nature of this distortion can be summarized in a compact bias expression. For post-treatment
periods t > Ty, the SC estimator based on observed donors admits the decomposition

7= [Yu(0) = Y5P0)] + = - pm Y wy, (1)
jeE

where the three terms correspond respectively to (i) a SUTVA synthetic mismatch between the
treated unit’s no-treatment outcome and its synthetic approximation, (ii) the direct treatment effect
7, and (iii) a contamination mass equal to the treated effect multiplied by the weight assigned
to exposed donors. This decomposition highlights that even if the synthetic perfectly reproduces
the treated unit’s no-treatment path under SUTVA, 7; will still differ from 7 whenever positively

1The typical case is attenuation: the synthetic estimate is pulled toward the treated outcome when spillovers raise
donor outcomes in the same direction as the treatment effect, yielding an underestimate of the true effect. However,
the bias need not always be attenuating. If spillovers move donor outcomes in the opposite direction of the treated
effect, the synthetic may overshoot, producing an amplified estimate of the effect. This possibility highlights that
interference does not merely add noise but can fundamentally alter the direction and magnitude of the estimated
effect (as we will exhibit with our replications



weighted donors are exposed. A simplified version makes this transparent:

T o= T — thij. (2)
jee
Equation (1)) will be derived formally in the subsection below, but we present it here to build
intuition: SC estimates equal the true effect minus a weighted spillover term, with the magnitude
of bias governed jointly by the diffusion intensity p, the treatment effect 7, and the weight mass
placed on exposed donors.

Equation highlights the mechanism through which spillovers distort synthetic control: any
exposure among positively weighted donors feeds directly into the estimated effect. To appreciate
the severity of this channel, it is useful to situate SC relative to other common designs. All causal
estimators rely on SUTVA to justify using untreated outcomes as counterfactuals, but the manner in
which donor outcomes enter differs sharply across designs, and so too does the impact of violations.

In difference-in-differences, for example, the control mean aggregates outcomes across many
untreated units, assigning each only modest influence. Contamination of a few controls typically
attenuates the estimate, but the effect is diluted across the pool and becomes material only if
spillovers are widespread. Matching designs are more localized: bias arises when a treated unit is
paired with an exposed control, but the damage is confined to that pair and does not propagate
automatically to others. Regression discontinuity designs present yet another contrast: because
identification exploits outcomes just above and below the cutoff, spillovers would bias the design
only if they differentially affect the two sides of the threshold; broader or symmetric diffusion often
cancels out.

Synthetic control stands apart. The estimator compresses the counterfactual for the treated unit
into a single convex combination of donors, often dominated by a handful of high-weight contributors
chosen precisely for their ability to replicate pre-treatment trajectories. This sparsity is central
to SC’s appeal: by concentrating on a few well-aligned donors, the method achieves close balance
without imposing parametric trend restrictions. Yet the same feature that delivers this balance
under SUTVA makes the design acutely vulnerable under violations. If even one heavily weighted
donor is exposed to spillovers, the contamination is not averaged away, confined to a pair, or offset
symmetrically; it flows directly into the counterfactual in proportion to the assigned weight. In this
setting, interference is not averaged out, localized, or offset symmetrically: it enters deterministically
through the weights.

A single exposed donor can shift the estimated effect in proportion to its assigned weight, and the
donors most capable of reproducing the treated trajectory—the ones the optimization favors—are
frequently those most plausibly exposed. In this sense, SC transforms what might be a modest
attenuation in DiD or a pair-specific distortion in matching into a direct and systematic bias channel.
The contamination mass term in equation formalizes this: the post-treatment estimate depends
not only on the direct effect but also on the weighted share of the treated effect leaking into the
synthetic. For this reason, SC does not merely inherit SUTVA as a background condition for
identification—it is structurally entangled with it. Donor outcomes after treatment are the building
blocks of the counterfactual, so once they are contaminated, bias enters mechanically through the
weights. This is not a secondary complication but a first-order vulnerability. Later sections formalize
this point: the bias decomposition in equation shows that the estimated effect consists of the
true effect plus a contamination mass proportional to the total weight placed on exposed donors.
Effective corrections must therefore operate directly on this pathway, reshaping the weight structure
that transmits interference into the estimate.

In practice, one response to the risk of spillovers is to restrict the donor pool by trimming
proximate or substantively linked units, or to adapt estimators designed for settings with multiple



treated units (e.g., Cavallo et al., Firpo & Possebom, Kreif et al., Robbins
& Saunders, [2017; Xu, [2017)). Let J* denote the full donor set admissible under standard SC
assumptions and J C J* the subset retained after trimming. Because J is a strict subset, the
optimization problem that defines the synthetic weights is solved over a reduced feasible region.
While trimming may lower the exposed weight mass ) .. w; and thereby reduce the contamination

jEE
term in equation , it simultaneously constrains the construction of YSC(O) to a smaller space of
convex combinations.

The consequence is that pre-treatment imbalance || X; — Xow||yy cannot improve and will typically
worsen, leading to a larger design-driven discrepancy Yi;(0) — Y;3¢(0). In finite samples this trade-off
manifests concretely: fewer admissible donors reduce the effective dimensionality of the comparison
set, variance of the estimator increases, and the credibility of the counterfactual trajectory is
weakened when the synthetic fails to reproduce the treated unit’s pre-treatment path. In short,
trimming addresses one bias pathway by construction but aggravates another, and the resulting
estimator may be both noisier and harder to interpret. Regularized and augmented variants of SC
(Abadie & L’Hour, Arkhangelsky et al., Athey et al., Ben-Michael et al.,
Doudchenko & Imbens, Gobillon & Magnac, partially stabilize estimation, but because
they continue to rely on post-period donor outcomes, they inherit the same interference sensitivity
unless exposure is incorporated directly into the design.

These considerations motivate the approach we take in the remainder of the paper. We opera-
tionalize interference using an outcome-agnostic, monotone exposure mapping based on geography
(or a known network) and show that SC’s sensitivity to spillovers can be reduced by acting directly
on the object through which contamination flows—the weights. In the next section we employ
a randomization-based diagnostic that tests for proximity-patterned changes in donor outcomes
around the treated unit, and subsequent sections incorporate the exposure mapping into estimation
through covariate rescaling and ridge augmentations that shift mass away from likely exposed donors
while preserving pre-period fit and, when desired, the convex-combination interpretation that makes
SC useful for applied work.

2.2 Formalizing the distortion caused by interference

SUTVA’s locus inside SCM is immediate: for Yl(to) to represent Y1;(0), each positively weighted donor
must be observed under no direct treatment and no indirect exposure to the treated unit. Abadie’s
overview emphasizes this point in practice: researchers often curate donor pools to avoid neighboring
or economically linked regions precisely to protect the counterfactual from spillovers (Abadie, [2021]).
Beyond such design heuristics, a growing literature addresses spillovers in SCM and factor models,
estimating both direct and indirect effects (e.g., Cao & Dowd, Di Stefano & Mellace, [2020)).
Parallel developments in spatial econometrics likewise model spillovers parametrically (e.g., SLX or
spatial-lag specifications) and have been combined with difference-in-differences to separate direct
and indirect effects, underscoring the importance of interdependence in social sciences applications
(Delgado & Florax, Vega & Elhorst, .

To study the consequences of interference in a transparent way, we adopt a stylized diffusion
approach that isolates the bias channel in SCM. The construction turns the problem on three
quantities—the treated-effect magnitude 7¢, which sets the size of the policy shock; the diffusion
intensity p; € [0,1], the fraction of the treated effect transmitted to each donor j; and the exposed
weight mass > jes Wi, which measures how much of the synthetic counterfactual rests on donors
subject to spillovers. This decomposition clarifies that contamination arises not from a complex
interaction of dynamics but from the mechanical way in which treated effects, diffusion intensity,
and donor weights combine.



Formally, let the treated unit be indexed by ¢ = 1 and donors by j € J. For a post-treatment
period t > Ty, the observed outcome for the treated unit is

Yﬁbs = Y1:(0) + 7,

where Y1:(0) is the no-treatment potential outcome and 7 is the direct effect. For donors, we
allow localized, time-homogeneous diffusion with heterogeneous intensities. Partition the donor set
J = €& U S into an exposed set £ and a safe set S. For j € £, the observed outcome is

VP = Yu(0) + pjm,  pj€0,1], (3)

while for j € S, Yﬁbs = Y;:(0) (no spillover). We refer to this specification as the proportional
spillover model: exposed donor outcomes receive a fraction p; of the contemporaneous direct effect
7y, with donor-specific intensities and no feedback from donors to the treated unit or among donors.
The model is an appropriate first approximation whenever spillovers are (i) co-temporaneous with
the intervention, (ii) monotone in exposure, and (iii) additively separable from the no-treatment
path. Typical examples include geographic policy diffusion over commuting or media markets and
contemporaneous network exposure in a bounded neighborhood. The model is inadequate when
spillovers arise from competitive displacement (so donor outcomes move in the opposite direction
of 1), when diffusion is delayed relative to the intervention, or when donor-to-donor cascades
generate higher-order reverberation. We return to these limitations in Section The corrections
in Sections @ target the proportional regime; Theorem {4 bounds the contamination term ) j w;0j¢
for arbitrary spillover profiles via a Cauchy—Schwarz envelope.

Define the SUTVA synthetic counterfactual (the path SCM would target absent interference) as

YHC(0) = D w; Yiu(0). (4)
JjeJ
THEOREM 1 (Bias of SCM under localized spillovers). For t > Ty, the SCM estimator based on
observed donors satisfies

o= [Yu0)-Y50)] + n = mY puwy . (5)
SUTVA synt}:;tic mismatch direct effect jee

contamination mass

In particular, if Y3°(0) = Y14(0) (the SUTVA synthetic counterfactual coincides with the treated
unit’s no-treatment path at t), then

Te = Tt — thpjwj- (6)

JjEE
Proof. Starting from the definition of the SCM effect:
o= Y- Y v @
JjeT

For the treated unit, Y5 = Y14(0) + 7;. For donors, Yﬁbs =Yt (0)+p; 1 if j € £, and Yﬁbs =Y+(0)
otherwise. Substituting, we obtain

o= () 7] = [ 30w ¥il0) + 7 3 o ®

Jjeg je&E
= [Yu(0) = YECO)] + 7 =7 3 pjwj, (9)
JEE
which establishes (F). The specialization (6)) follows by setting Y3¢(0) = Y14(0). O



Equation decomposes the estimator into three interpretable components: the SUTVA
synthetic mismatch Y7,(0) — Y{3¢(0), the direct effect 74, and the contamination mass 7 > jce PiWj
generated mechanically by assigning weight to exposed donors. The last term is the explicit bias
pathway introduced by interference; its magnitude depends on the effect size 7, donor-specific
diffusion intensities {p;}, and the weight mass on exposed donors.

The following corollaries illustrate the basic mechanics of this decomposition under the simplifying
condition Y3€(0) = Y1,(0) (perfect pre-treatment balance under SUTVA). They clarify how the sign,
magnitude, and bounds of the distortion follow directly from the contamination mass.

COROLLARY 1 (Sign, attenuation, and scale). Suppose Y33¢(0) = Y14(0) and p; € [0,1] for all j € .
Then:

1. (Sign/attenuation) If Zjeg pjwj >0 and 7, > 0, then Ty < 1¢; if Zjeg pjwj >0 and 7 <0,
then 7 > 7¢. That is, positive weights on exposed donors attenuate estimated effects toward
Z€ero.

2. (Monotonicity in exposure) Holding 7 fixed, |7y — 7¢| is nondecreasing in each p; and in the
exposed weight mass Zjee wj. More intense or more widespread spillovers cannot reduce bias.

3. (Bounds) Because 0 < p;j <1 and w € A, the distortion satisfies 0 < |7y — 7| < |17|. The
upper bound is attained only if the entire weight is placed on fully exposed donors (p; =1 for
all j with w; > 0).

Proof. From (@, T — T = —Tt Zjes pjw;. Because each p; > 0 and w; > 0, the sign of 7y — 74 is
the opposite of the sign of 7, establishing (i). Statement (ii) follows since the absolute deviation is
proportional to ) jee PiWs, which is monotone in each p; and in exposed weights. For (iii), note that
0 <> jeepjw; < 1, which yields |7, — 7| < |7, with equality only under the stated condition. [

These properties highlight that once exposed donors receive positive weight, bias is inevitable:
the estimator cannot cancel it. Moreover, the distortion grows monotonically in either the intensity
of exposure (p;) or the mass of weights placed on exposed donors. This makes clear why interference
in SCM is not a secondary nuisance but a direct and systematic channel of bias.
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Figure 1: SUTVA versus interference inside synthetic control. Each row illustrates how
donor contamination enters the synthetic counterfactual through the weights.

(a) No interference: donor outcomes are unaffected, so the synthetic predictor Y{7¢(0) =
>_;w;Y;t(0) is unbiased, and the estimated effect equals the direct effect 7.

(b) Monotone interference without reverberation: the treated effect diffuses smoothly to
nearby donors with intensity p;. If such donors receive positive weights, the synthetic predictor
embeds their spillovers, and the estimator obeys 7 = 7 — 74 > jes PjWj, SO the estimate is systemat-
ically shifted by the contamination mass 7; y jes PiW;- This is the structured form of interference

addressed in this paper.

(c) Non-monotone interference with reverberation: spillovers propagate irregularly and feed
back through the network, generating heterogeneous donor exposures that need not decay with
distance. In this setting, the simple decomposition above does not apply without further assumptions;
such cases are beyond the scope of the present analysis. (c) illustrates non-monotone interference,
which is beyond the scope of this paper’s corrections but motivates future work.

This decomposition delivers a simple but powerful design principle: bias in SCM under interfer-



ence is governed by the exposed weight mass, so the estimator must be engineered to suppress that
mass while preserving pre-treatment fit and, when desired, the convex-combination interpretation
that makes SCM transparent for applied work. Figure 1 illustrates this principle: in the absence of
interference, donor weights cleanly recover the counterfactual; under localized spillovers, contamina-
tion flows directly into the estimate through exposed donors; and in more pervasive diffusion settings,
further assumptions would be required to disentangle direct from indirect effects. The remainder of
the paper operationalizes this principle by defining a continuous, outcome-agnostic proximity score
and incorporating it into rescaling and ridge adjustments that systematically redirect weight away
from high-risk donors.

Before turning to detection (Section and correction (Sections, the notation used throughout
is collected for reference in Tables[7]and [§] placed in the back matter immediately after the references
(before the appendices); subsequent sections introduce each symbol in place, but none is used without
prior definition.

3 Detecting Interference

Before constructing a synthetic control, the researcher should diagnose whether donor outcomes were
influenced by the treated unit’s intervention. Such influence constitutes interference and violates
SUTVA, which requires each unit’s potential outcomes to depend only on its own assignment and
not on the assignments of other units (Rubin, . In comparative case studies, interference arises
when a policy in the treated region diffuses to neighboring regions through geographic, economic, or
network linkages, contaminating the donors that are meant to represent untreated counterfactuals.
The canonical Proposition 99 application of synthetic control (Abadie et al., already hints
at such risks (cross-border cigarette purchases, policy diffusion), and Theorem |1| above shows that
when spillovers are present the synthetic counterfactual absorbs a fraction of the treated effect. To
screen for this problem ex ante, we develop a diagnostic based on a near—far proximity contrast,
coupled with randomization inference (Fisher, Rosenbaum, , which is exact in finite
samples and has been used to diagnose interference in experimental designs (Bowers et al.,
Rosenbaum, .

We formalize the object of interest before defining the test. Write the joint potential-outcome
vector at time t as

Yi(2) = (Ye(2),oo Yorna(2)) ', 2= (2reenn 2410) | € {0,117, (10)

so that interference is a property of how the assignment vector z co-determines all components of
Y(z). Throughout §3 we consider the single-treated-unit SCM setting: unit 1 is the only actually
treated unit, while placebo centers p € U re-label candidate treated identities for inference. Let
G encode the spatial or network structure, and for each unit i define a scalar exposure mapping
Eit = ei1(z,G) summarizing the aspects of z (given G) that are relevant for i’s outcome at t. We
focus throughout on locally dissipating interference: exposure aggregates assignments with a kernel
k over distance, with k nonincreasing,

J+1
Ei = Z E(di]‘; 9) Zjts (+;0) nonincreasing in distance, (11)
j=1

where d;; is the geographic (or network) distance between units ¢ and j, and 6 collects kernel
parameters. This accommodates heterogeneous diffusion patterns while encoding the substantive
regularity that proximity raises exposure. We leave the outcome structural in exposure rather than
imposing a parametric form,

Yie(z) = Yie(0) + gi(Ei), (12)

10



so that all interference operates through Ej; as induced by (z,G) and the kernel .

The diagnostic targets whether pre-to-post changes in donor outcomes align with proximity in a
way consistent with 7. We operationalize k by discretizing distance into a finite number
of rings around the treated unit and comparing outcome changes across near and far ring groups.
Donors in the same ring are approximated as having comparable exposure scores, so the ring partition
discretizes equal-exposure sets implied by . The remainder of this section formalizes the ring
partition (§3.1), the ring-level change statistic (§3.2)), the finite-sample exact randomization test
(, the extension to locating the extent of interference (7 and the design-based decision rule
linking the diagnostic to the corrections developed in § (

3.1 Distance-Based Ring Partition

To test whether outcome changes exhibit a proximity pattern, we first need a way to group donors
by distance to the treated unit. Let & = {1,...,J 4+ 1} be the set of all units, with i = 1 the
treated unit. We operationalize the exposure kernel s by discretizing the distance d; 1 to the treated
center into K, rings, approximating (d; 1;6) ~ si for all donors ¢ assigned to ring k. Choose radii
0=rcyp<c <---<cg, partitioning the space around unit 1 into K, non-overlapping rings, and
assign each donor ¢ # 1 to a ring via

i1 = k <~ crL_1 < di’1 < Ck, k= 1, ceey K,. (13)

Ring boundaries ¢ can be chosen by contiguity, by application-informed thresholds, or to yield
adequate per-ring sample sizes; in all cases they should be pre-specified without reference to outcome
data to preserve the nominal level of the test below. Nearer rings correspond to larger exposure
scores Si; the construction is thus a discretization of the locally dissipating kernelﬂ

To form a near—far contrast, partition the ring indices into two disjoint sets: a prozimal set

R4 c {1,...,K,} (rings suspected to exhibit interference) and its complement, the distal set
RB ={1,...,K,}\ R*. The corresponding donor groups around unit 1 are
Ay={i#1:r,€R"}, By={i#1:r,€RP}. (14)

By construction A; U By =U \ {1} and A; N By = (). The default single-ring contrast R4 = {1},
RB = {2,...,K,} is typically the most powerful test for the presence of any locally dissipating
interference; alternative contrasts (used in trade power for the ability to locate the spatial
extent of the disturbance.

The contrast is informative only when exposure dissipates monotonically with distance: that
premise is what lets far rings serve as an approximate control group, and where it fails—under national-
level shocks or uniformly diffusing treatments—the diagnostic is underpowered by construction.
Protecting that premise in practice comes down to keeping the rings populated, the window clean,
and ring membership stable. Both A; and By must contain enough units to detect a gradient,
since extremely small or empty rings undermine power and interpretability; one therefore sets ¢y
with domain knowledge to avoid vanishing cells while preserving a meaningful distance gradient.
The window must also exclude shocks that move all rings together: global, unit-invariant shocks
(a nationwide policy, a macro shock) shift every ring equally and cancel in the near—far contrast,
eroding the signal by construction, so when such shocks are present one adjusts the window or adopts
a different identification strategy. The rings must likewise remain comparable across time—ring
membership should not change across the pre- and post-windows used to form the change statistic
below—which one secures by fixing ¢ ex ante and verifying that A; and B; are stable under
reasonable variations of the window.

2Appendix Figure A.1 illustrates the ring geometry (grid with concentric circles centered at unit 1) and the
mapping from continuous distance d;1 to discretized exposure scores si = k(d;,1;0).
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3.2 Outcome-Change Statistic

Within each ring, we need a measure of how much donor outcomes changed from the pre-intervention
to the post-intervention window. Let Ty denote the intervention time. For a chosen window w,
define disjoint index sets TH'®, TH**" < {1,...,T} of equal length, with 79" c {1,...,Tp — 1} and
TE {Tv+1,...,T}. For unit i, let

) _ 1 b Sw) _ 1 b
}/’i,[i;e - ’Tgre‘ Z YO S’ }/7;,;)Uost - ‘Tpost’ Z Y;(g S? (15)
w

teTh™ teTpost

and define the unit-level change statistic

AM = Y0 - Y (16)
We consider three windows: the full window (all pre vs. all post periods), the one-period window
(To—1 vs. To+1), and the symmetric n-period window ({To—n, ..., To—1} vs. {To+1,...,To+n}).
Windows should be pre-specified using contextual knowledge to avoid post-treatment leakage;
alternative windows may be reported for transparency, but specification searches over windows
invalidate the nominal level of the test.

The statistic Agw) is invariant to additive unit fixed effects: if Yigbs = «; + uj, the pre/post
difference cancels «;, isolating within-unit shifts. Under no interference these shifts reflect only
idiosyncratic variation; under positive spillovers, proximal donors show larger shifts on average.
Equivalently, Agw) should not systematically differ by proximity to unit 1 when SUTVA holds, and
proximal donors have larger Agw) than distal donors on average when it does not.

Aggregate the change statistic by group,

(w)
AGY |A1| S al, AR = ’Bﬂ S Al (17)

€A i€By

and summarize the near—far contrast by the two-sample t-statisti(ﬂ

) _ AW — AW o (41| — 1) Var(AX) ) + (|1Bi| — )Var(Age}Bl) 1)
1 By [Ax| + By — 2
(k)
P\ A1l 7 |Bi]

(w)

A positive t; indicates that near donors increased more on average than far donors, consistent with
positive spillovers; a negative value indicates the opposite pattern. Under SUTVA (no interference),
tgw) should be near zero; a large ]tgw)\ signals a proximity-structured disturbance consistent with
interference.

3.3 Randomization Inference

The ring-specific statistic tgw) provides a descriptive near—far contrast. To determine whether the

observed contrast is larger than chance alone would produce, we need a formal reference distribution.
Classical large-sample approximations are unreliable with small donor pools (typical J in SCM
applications is 10-50), so we use a design-based randomization test (Fisher, Rosenbaum,
, treating the identity of the treated center as exchangeable under the sharp null of no
proximity-structured effect.

3When ring variances differ materially, the Welch variant provides a useful robustness check. The permutation
inference in @is finite-sample exact under the sharp null regardless of the variance estimator used in the denominator.
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The reference distribution rests on a sharp null whose operational content drives the entire
construction. Let Yy (z) be the potential outcome at time ¢ under assignment vector z € {0,1}/+1,
as in . The diagnostic tests the Fisher sharp null of no causal effect of the assignment vector on
any unit’s outcome at any time,

Hy: Yu(z) = Yi(2) for all z,2’ € {0,1}771, all i €U, and all . (19)

Here z, 2’ are period-t assignment vectors as in ; quantification over all ¢ covers the entire
treatment historyﬁ What makes this null operational is what it fixes: under Hy, each unit’s observed
outcome is invariant to the treatment assignment vector, so the entire panel {Y[t)bs} is fixed under
any permutation of the treated-unit label across U, and the only random object is the assignment
itself. The reference distribution of the test statistic is therefore constructed by re-assigning the
treated-unit label to each p € U in turn, recomputing the ring partition centered at p, and evaluating
the near—far t-statistic. Under Hy the observed statistic tgw) is exchangeable with its J placebo
counterparts (one per non-treated unit), so its rank among the J + 1 permutation values is uniform
on {1,...,J + 1}, delivering a finite-sample exact p-value.

Because the pooled variance s% is itself a function of the placebo assignment via |A,|, | By, the

(w)

entire statistic ¢, ’ is a deterministic function of p and the observed panel; exchangeability holds for

this full functional under Hy. Ties in ]t](,w)] are broken conservatively by the > convention in ,
preserving validity of the nominal level.
The permutation procedure that implements this exchangeability proceeds in the following steps.

1. For each p € U, treat p as if it were the treated center at time 7. Form rings 7; ,, groups
A, By, and compute tz(?w) as in 7, yielding {téw) :p EUY.

2. Identify the actual treated unit (unit 1) and its statistic tgw).

3. Compute the exact two-sided p-value

s _ Lr#peus 512167} 1+ {ped: 157> 10
(J+1)+1 J+2 '

(20)

Including the actual treated unit among the permutations yields a finite-sample exact p-value under
Hj (Fisher, Rosenbaum, A small p®) indicates that the treated unit sits at the center
of an atypical near—far disturbance, consistent with interference emanating from the treatment
location; a large p(*) indicates no detectable proximity pattern.

The test effectively asks: is the treated unit the center of a unique outcome disturbance not
seen around other units? If yes, the treated unit’s intervention radiated outward in a way that
control units’ (non-)interventions did not. If tgw) is indistinguishable from the placebo values

{t](gw) : p # 1}, there is no evidence that proximity to the treated unit mattered. The test assumes a

single focal treated center; power is driven by coverage across rings (§3.1)) an expected separation
ingle focal treated center; p is driven by g ings (§3.1) and by expected separati

in A — AR

“The sharp null is stronger than a pure no-spillover null: it rules out direct effects on unit 1 as well. The
near—far contrast is nonetheless informative specifically about spillovers, since a direct effect on unit 1 alone does not
differentiate A, from B;.

®This parallels placebo-in-space inference in SCM (Abadie et al.,[2010)) insofar as the reference distribution is built
by re-centering the design at each unit. Here the statistic is a proximity contrast rather than a pre/post SCM effect
or a pre-period fit loss.
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3.4 Locating the Extent of Interference

The default contrast R4 = {1} vs. R = {2,...,K,} asks whether any proximity-structured
interference is present. When the null is rejected, a natural follow-up asks how far the disturbance
extends. Under locally dissipating interference (monotone in distance in expectation), this can be
examined through a sequence of pooled or adjacent contrasts,

Ring 2 vs. Rings 3, ..., K,, Ring k vs. Ring k + 1, Ring k vs. Rings k+ 1,..., K,, (21)
recomputing t](gw) and p®) for each. Let kT denote the smallest index such that the contrast “Ring
k' vs. Rings kT 4+ 1,..., K,” is not rejected. We interpret k! as the point beyond which near—far
shifts are no longer detectable under the locally dissipating modelﬂ For example, if the primary
contrast rejects but the “Ring 2 vs. Rings 3, ..., K,” contrast does not, the detected interference has
largely dissipated by the second ring.

Adjacent-ring tests can be underpowered when rings are small; pooling beyond a boundary
improves stability. A schematic appears in Appendix The sequence functions as a spatial
analogue of an impulse-response function: it summarizes the amplitude of the disturbance near
the treated unit and its decay with distance. Power to detect k' improves with (i) larger expected
separation AS‘;) — Ag;) as distance increases, (ii) balanced ring sizes or pooled contrasts that mitigate
small-cell noise, and (iii) longer symmetric windows that raise signal-to-noise while excluding t = Tp.
It is reduced by within-window global shocks and by mis-centered or coarse distance measures that
blur proximity relations.

3.5 Decision Rule and Link to Bias Correction

The ring diagnostic yields a design-based decision rule for SCM. If the permutation test fails to reject
(ﬁ(w) large across pre-specified windows), proceed with standard SCM: there is no evidence that
proximity altered donor trajectories. If the test rejects (ﬁ(w) small for at least one plausible window),
treat SUTVA as violated and proceed under the working conclusion that donors in proximal rings
received nonzero exposure.

In the bias decomposition of Theorem [I rejection indicates positive ezposed weight mass,
> jes wj > 0, so the contamination term is activated and the SCM estimand absorbs a nontrivial
fraction of the treated effect. Subsequent estimators should target suppression of exposed weight
mass while preserving pre-period fit and, when desired, the convex-combination interpretation.
Sections [I.1H6] implement this principle via a continuous, outcome-agnostic safety score and ridge-
based variants that downweight donors in proportion to their exposure risk.

The move from this discrete diagnostic to the continuous correction follows from what a rejection
reveals. When the diagnostic rejects, the researcher has learned two things: there is a detectable
proximity pattern in pre/post outcome changes around the treated unit, and the ring structure
identifies which distance bands contain the pattern. This information directly informs the correction
strategy, but the correction itself does not operate on rings. Sections replace the binary near /far
classification with a continuous safety score n; € (0,1) (introduced in that grades donors by
exposure risk. The change in geometry is deliberate, because discretization and smoothness serve
different statistical roles. Discretization serves the diagnostic: finite-sample exact inference via
requires a finite reference distribution, which the ring partition supplies by turning distance into a
small number of exchangeable groups. Smoothness serves the corrections: the ridge penalty in §5]
and its unconstrained counterpart in §6| are tuned over a continuous A, and a continuous 7; avoids

5Because the boundary is identified by inspecting multiple related contrasts, researchers should report a step-down
multiplicity adjustment (e.g., Holm, 1979) alongside the raw permutation p-values.
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discontinuous weight jumps at ring boundaries and preserves smoothness of the solution path in A
and of the weights in d; 1, which makes the tuning problem well-posed. The two stages thus share
one primitive (the exposure kernel k) but choose the representation that matches their statistical
role: discrete rings for inference, a smooth safety score for estimation.

A stylized panel makes the diagnostic concrete. Table [I] summarizes, for a stylized U.S. states
panel, unit-level change statistics across three windows and the corresponding placebo-center
contrasts. Missouri is treated at Ty with a direct effect 7 = 4, and first-ring neighbors receive a
spillover p7 with p = 0.6, decaying with distance. Panel (a) reports Agfuu), Agyear_l), and Agsym-s) for
selected states; as predicted under locally dissipating interference, Missouri and its near neighbors
display large positive changes, while distant donors are near zero. Panel (b) lists, for selected placebo
centers p, the near—far t-statistic ¢, and the membership of A, (proximal) and B, (distal) under the
default contrast R4 = {1}, R® = {2,...}.

state Alfull)  Alyear-1) - A (sym-3) state tp Ap Bp

Missouri ~ 4.0066  3.9159  3.9381 MO 44207 AR, IL,IN,... AL, AZ CA, ...

Towa 2.3640 24193 2.3539 VT  -02169 CT,DE, ME,... AL, AZ, CO, ...

Colorado  -0.0414  -0.1069  0.0060 CO 03428 AZ,MT,NV,... AL, CA,CT,...

Vermont ~ 0.02501  -0.1115  -0.0886 IA  -0.3312 MI, MN,SD,... AL, AZ CA, ...
(a) Test statistics (b) Placebo donor sets

Table 1: Change statistics Agw) and placebo donor sets A,, B, for selected states in the stylized U.S.
panel.

Figure [2] visualizes the default contrast for the treated center and three placebos. In each panel,
the center is marked in red, the proximal set A, in orange, and the distal set B, in green. For
Missouri (Panel , the near group has systematically higher AZ(-w) than the far group, yielding
a large tgw). For Vermont, Colorado, and Iowa (Panels , téw) is near zero with balanced
near—far patterns; the permutation p-value is 0.0408 for the window reported, indicating a distinctive
proximity pattern centered on Missouri. The decision rule is concrete: when a unique near—far

disturbance is centered at the treated unit, adopt an interference-aware SCM that suppresses exposed
weight mass; otherwise, use standard SCM.
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(a) Contrast for Missouri (b) Contrast for Vermont
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(c) Contrast for Colorado (d) Contrast for Iowa

Figure 2: Contrasts across selected units.

4 Rescaling

The bias decomposition in Section [2]localized the contamination channel in a single quantity: the
weight the synthetic control places on exposed donors (under the proportional spillover model of
Section . The factor-model logic that motivates synthetic control pulls in the opposite direction.
Donors with trajectories most similar to the treated unit are often the ones closest to it in space, and
proximity is exactly what makes them likely to be exposed. The three corrections in Sections
address this tension by re-expressing “fit” in a way that is aware of exposure risk: they preserve or
approximate the factor-model fit that SCM relies on, while discouraging weight on donors whose
post-treatment outcomes would import the treatment effect through spillovers. This section develops
the first of the three.

Standing design assumptions

The corrections in Sections [AHg| rely on three design-side regularities that we state once and maintain
throughout. They concern the predictor geometry, the reach map, and the penalty schedule; none
involves outcomes. Each is mild in the applications we consider and can be verified from the data
and the pre-specified reach calibration.

AsSUMPTION 1 (Donor matrix regularity). The importance matrix satisfies V = 0. Moreover, for
any face Fry = {w € Ay : wy, =0 Ym € M} invoked in Sectz’on

d"XTVXid >0 foralld#0 withdy, =0 (me M) and1'd=0,
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where X§ = X diag(n).

Assumption [I|is a mild non-degeneracy requirement on the predictor geometry. It is the face-
restricted strict-convexity condition used in the Theorem [2] proof and fails only if fewer than K
donors have linearly independent predictors. Positive-definiteness of V' is the usual SCM requirement

(Abadie et al., [2010).

AssUuMPTION 2 (Reach map regularity). The reach map f: Ry — (0,1) is continuous and strictly
increasing in distance. There exists € € (0,1/2) such that the induced safety scores satisfy

n; = fldj1) € [e, 1—¢] for every donor j € J.

Assumption [2] formalizes what the reach map is allowed to be: monotone in distance and bounded
away from the two endpoints so that no donor is treated as perfectly safe (n; = 1) or perfectly
exposed (1; = 0). The logistic calibration in Appendix with tail level € = 0.025 strengthens this
to C*° and automatically enforces the bounds; any continuous monotone alternative (Gompertz,
Gaussian kernel, network-path decay) satisfies the same conditions. No theorem in Sections uses
differentiability of f. The assumption rules out sharp, non-smooth indicators of “exposed vs. safe”
that would destabilize the optimization; it does not restrict the underlying exposure mechanism.

AsSUMPTION 3 (Penalty schedule). The penalty schedule v; = g(n;) satisfies:

(i) g:(0,1) = (0, M) for some My € (0,00] is strictly decreasing in 1, so that n, < ng implies
Ym > he;

(ii) inf;; > >0 and sup; ¥ < ) < 00.

Assumption |3| aligns the ridge penalty with exposure: more-exposed donors (lower 1) face
a strictly larger marginal cost per unit weight, no donor is left effectively unpenalized, and the
penalty does not diverge along any sequence of donors. Under Assumption [2] and monotonicity of
g, ¥; € [g(1 —€),g(e)] for every j, so the bounds ¢ = g(1 — ¢) and ¢ = g(¢) are automatic. The
canonical choice g(n7) = 1 — 7 used in the simulations and applications has image (0, 1) and satisfies
both conditions with ¢ = € and 1) = 1 — £; any continuous strictly decreasing alternative with image
in the positive reals works identically. The assumption rules out schedules that invert or flatten the
exposure ordering, which would defeat the design mechanism of Theorems [3] and

Scope. Assumptions are maintained for all results in Sections [AHf] and are not restated in
individual theorems. The coverage/dominance conditions (Assumptions and [8)) are stated
locally where they are used, since they are substantive properties of the particular donor pool rather
than standing regularities. Sections obtain strict convexity on R’ directly from A > 0 and
Dy, := diag(¢n,...,1%7) > 0 (see Assumption ; Design Assumption [1|is invoked only in Section .

4.1 Spatial Reach

To operationalize the intuition that donors closer to the treated unit are at greater risk of contamina-
tion, we summarize proximity in a single, outcome-agnostic number per donor. Let d;; denote the
distance from donor j to the treated unit ¢ = 1 (geographic, network, or any pre-specified metric).
To formalize the idea that nearer donors face greater exposure risk, we define a safety score

n = f(dj,l) € (07 1)7

where f is a continuous, strictly increasing reach map (Assumption ; larger 7; indicates lower
exposure risk. Very proximate donors have 7; near zero; distant donors have 7; near one.
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The safety score is a discipline, not a model. It does not predict the outcome, nor does it
enter the structural specification. It enters only the design stage, summarizing the plausibility of
spillover from the treated unit to each donor. The reach map plays the role of an exposure mapping
in the interference literature (Aronow & Samii, Hudgens & Halloran, Manski, :
it collapses the (potentially complicated) assignment-to-unit transmission into a low-dimensional,
unit-specific summary.

Under a single-treated-unit assignment, the exposure summary FEj; of Section (3| collapses to
k(d;1;0); the safety score n; = f(d;1) is a monotone reparameterization of this scalar on (0,1) with
the convention that larger values indicate lower exposure. The ring-based diagnostic in Section
discretizes the same object; the safety score smooths it, which is what the corrections below requirem

4.2 Rescaling Adjustment

The design goal is to reduce the contamination channel ) ; pjw; by discouraging large weights on
donors with low safety scores, while preserving both pre-treatment fit and the convex-combination
interpretation of the weights. Let X; € RE denote the treated unit’s pre-treatment predictors and
Xo=[X.1,..., X j] € REXJ the donor predictor matrix; standard SCM chooses w € Ay = {w >
0:1Tw = 1} to minimize Q(w; Xo) = || X1 — Xow||?. Rescaling replaces X, with

X5 = Xodiag(n),

and solves the same convex program on the simplex: mingea, || X1 — Xgw||?-. The columns of X
corresponding to low-n donors are contracted toward zero; the columns corresponding to high-n
donors are essentially unchanged. The feasible set is the same simplex as before, but the “reachability”
of the target X; through each donor has been re-expressed to account for exposure risk.

Geometrically, rescaling changes which convex combinations fit well, not which are feasible.
Low-n donors contribute shorter vectors in the rescaled geometry, so reaching X; through them
requires larger weights; equivalently, any fit they could achieve can often be matched or improved by
mixtures of high-n donors. Whenever the donor pool contains safer units whose combinations can
stand in for a near donor, the optimizer routes weight around the near donor toward those mixtures.
Weights remain on the simplex, so the familiar SCM diagnostics (pre-period fit, placebo-in-space,
weight sparsity) transfer without adjustment.

Two dominance conditions formalize what “a safer mixture can stand in” means. The first is
donor-wise: a specific near donor m is covered by some mixture of safer donors in both the unrescaled
and rescaled geometries. The second elevates this to a band: every donor in a more-exposed band is
covered by safer donors outside the band. The donor-wise condition drives support elimination; the
band-level condition delivers the aggregate exposed-mass bound that controls the bias.

ASSUMPTION 4 (Strict dominance (coverage) by safer donors). For a donor m, there exists a covering
set C(m) € J \ {m} with ng > 0 for all £ € C(m) and weights o™ € Ajeimy| (the simplex of

dimension |C(m)|) such that, writing Z(™) = >_tec(m) aém)X% and N (my = Mingee(m) M6
(i) | X1 —ZM)|y < | X1 — Xomllv (unrescaled fit: covering at least as good),

(i1) || X1 — nc(m)Z(m) v < IX1 = 0m X mllv (rescaled fit: covering strictly better),

"Many smooth, monotone reach maps are admissible (logistic, Gompertz, Gaussian kernel, network-path decay).
We use a quantile-anchored logistic calibration from the empirical distance distribution; details and defaults are
in Appendix Our results use only continuity and monotonicity of f and the boundedness of n; away from
{0,1} (Assumption ; they are insensitive to smooth reparameterizations that preserve the rank order of donors by
proximity.
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(ii1) there exist v € Ajc(m)| such that N, X. m = ZEEC(m) Yene X4 (rescaled redundancy).
The weights v in (iii) need not coincide with o™ in (i)-(ii); they serve different roles.

Assumption [4] encodes replacement: before rescaling, the far-only combination matches X at
least as well as m; after rescaling, even a conservative scaling of that combination is strictly closer
than the scaled near donor. Condition (iii) requires that the exposure-adjusted column of m lies in
the convex hull of the exposure-adjusted columns of the covering donors, so that m contributes no
direction in rescaled predictor space that the covering donors cannot collectively produce. When the
donor pool is large relative to the number of predictors (J > K), redundancy is mild; it fails only
when m occupies a direction inaccessible from safer donors.

When this condition holds. Coverage is a joint property of the donor pool geometry and the
reach map. It is most likely satisfied when the donor pool is large and geographically diverse—a
cross-national panel, or all U.S. states paired with a state-level treated unit—so that the predictor
directions spanned by near donors can also be reached by mixtures of far donors. It may fail when
the treated unit is geographically unique and only nearby units can match its trajectory (an island
economy with no distant comparable, or a city whose labor market has no distant analog). The
researcher cannot verify Assumption [f] ex ante for a specific untreated donor; it serves as a sufficient
condition under which rescaling delivers exposed-mass reduction. In practice, diversity of the donor
pool is the researcher’s best assurance, and the simulations in Section [7] include mid-sized diverse
pools where the ex post diagnostic of pre-period fit is preserved under rescaling.

Note that conditions (ii) and (iii) are compatible only when |C(m)| > 2: with a single covering
donor, (iii) forces 7, X. , = 1¢X. ¢, turning (ii) into an equality. In practice the covering set contains
multiple safer donors, so this is not restrictive.

ASSUMPTION 5 (Band-level dominance). Let € C J denote a “more-exposed” band (e.g., a reach-
threshold set). Every m € & satisfies Assumption |4| with covering set C(m) C £¢ = T\ & (so
Cim)CS).

Assumption [5] strengthens Assumption [4] in two ways: every donor in the band is dominated
(not just some), and every covering set is drawn from the safe complement. The “every” quantifier
is not decorative: if only some members of the band are dominated, non-dominated members can
absorb additional mass after rescaling, potentially raising total band mass (Remark .

CoONDITION 1 (Face strict convexity). For a set of donors M C {1,...,J}, define the face Fy :=
{weAy:wy, =0VVme M}. The rescaled design satisfies face strict convexity on Fys if

d"X;TVXid >0 foralld# 0 with dp =0 (m € M) and 1"d = 0.

Condition (1] is the face-restricted version of Assumption [l among the non-dominated donors,
the rescaled predictor columns must be sufficiently diverse that moving weight along the simplex
always changes the rescaled fit. With K predictors and J — |M| > K remaining donors, this holds
whenever the K x (J — |M]) submatrix of X formed by the non-dominated columns has rank
K. It is strictly weaker than strict convexity on the full simplex tangent space—condition (iii) of
Assumption [4] precludes the latter (Remark .

REMARK 1 (Compatibility of condition (iii) and Condition [I)). Condition (iii) implies the existence
of a direction d € R’ with d,, = =1, dy = v, (£ € C(m)), d; = 0 otherwise, satisfying 17d = 0
and Xjd = 0, so that d"H*d = 0. This precludes strict convexity of Q on the full tangent space
{d:17d =0}. However, the offending direction has d,, = —1 # 0 and therefore does not belong to
the tangent space of the face Fiy = {w : wy, = 0}. C’ondition restricts attention to directions
with d,, = 0, on which strict convexity can and generically does hold.
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With the rescaled geometry constructed and the dominance conditions in place, we can ask
directly: does the rescaled optimizer reduce weight on exposed donors? The following theorem
answers in two parts.

THEOREM 2 (Support elimination and exposed-mass dominance under rescaling). Let w® denote
any minimizer of || X1 — Xow||3 over Ay, and let X§ = X, diag(n).

(C) If donor m satisfies Assumption [4] and Condition [1] holds for M = {m}, then the minimum of
| X1 — Xgw|3 over Ay is attained at a weight vector w* with w}, = 0. Moreover, w* is the unique
minimizer on the face Fiyy = {w € Ayt wy = 0}. The flat direction induced by condition (iii)
may support additional global minimizers on Ay; any such minimizer maps to w* under the face
projection @ and achieves the same objective value.

(D) If the exposed band £ satisfies Assumption @ and Conditz'on holds for M = &, then

k [¢]
Su =0 Y
jeE JjEE
with strict inequality whenever w,, > 0 for some m € £. Here w* denotes the unique minimizer on
Fe={welAj:w,=0Vme}.

The result is geometric at heart. Contracting the columns of Xy by diag(n) shortens the vectors
of near donors, making it harder for any convex combination to reach the treated unit’s predictors
through those donors. Assumption [4] says that whenever a near donor m is used, some mixture of
safer donors can stand in for it; rescaling sharpens that substitution by contracting m’s column
relative to the mixture. Condition (iii) (rescaled redundancy) guarantees that the substitution does
not sacrifice any fit the near donor provided. The optimizer, seeing no gain from keeping weight on
m and an active cost in pre-period fit, routes that weight to the covering mixture instead. Under
the band-level condition, the same logic applies simultaneously to every donor in &, driving total
exposed mass to zero on the face. The formal proof, including a proof roadmap and detailed steps,
appears in Appendix [A72]

What this buys the researcher is a way to make far-away donors relatively more attractive to
the optimizer by down-weighting the predictor profiles of donors at higher exposure risk. When the
donor pool contains informative units well beyond the interference radius (under the proportional
spillover model of Section —as in large national or cross-national pools—rescaling shifts weight
away from contaminated neighbors without the researcher having to pre-specify which donors are
“exposed.” The coverage conditions (Assumptions are most likely satisfied when the donor
pool has geographic diversity: a mix of near, mid-range, and far units. They may fail when the
pool is thin or clustered around the treated unit, in which case rescaling can degrade pre-period
fit by removing the only donors that span certain predictor directions. A degraded pre-period fit
is diagnosable from the data; if it appears, the researcher should move to the constrained ridge of
Section

REMARK 2 (On the scope of Assumption . If only a strict subset of donors in & satisfies
Assumption[4), Part C still ensures w}, = 0 for each dominated member, but the aggregate inequality
Zjee wj < Zjee wj can fail: non-dominated donors in & may absorb additional weight under
rescaling, more than offsetting the mass removed from dominated donors.

Example. With K =2,V =1, J =4, £ ={1,2}, £ = {3,4}:

i |1 2 3 4
X, [(55) (46) (375125 (1,3)
nj | 04 0.6 0.8 1.0

X (2,2) (24,36)  (3,1)  (1,3)
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With X1 = (1.5, 2.8): donor 1 satisfies all three conditions of Assumption [f] with C(1) = {3,4}
(v = (0.5, 0.5), a = (0, 1)), but donor 2 does not satisfy condition (iii). C’ondition holds on Fyyy.
Every unrescaled minimizer satisfies Y ¢ w® < 0.026 (the mazimum over all unrescaled minimizers
equals 0.026); the rescaled face minimizer gives ) o w* = 0.15. Requiring every member of £ to be
dominated prevents this rebound.

REMARK 3 (Role of conditions in Assumption . The proof of Part C uses only condition (iii)
together with Condition . Conditions (i) and (ii) ensure that the covering set C(m) provides
competitive fit to the treated unit both before and after rescaling; they are the substantive requirements
a practitioner would verify when checking whether a given near donor is genuinely dominated by
safer alternatives. We retain them in the formal assumption because they are verifiable from data
and anchor the interpretive content of “dominance.”

Rescaling alters geometry without changing feasibility: weights remain nonnegative and sum
to one, and no post-treatment outcomes enter the construction. When the donor pool does not
admit the covering structure of Assumption [d}—or when the researcher prefers a smooth penalty
parameter with explicit tuning—an alternative is to act on weight magnitudes directly. The next
section develops this via an exposure-weighted ridge penalty that retains the simplex.

5 Constrained Ridge Adjustment

Rescaling works through the predictor geometry: it contracts columns of exposed donors so that the
optimizer routes weight around them. An alternative is to leave the geometry alone and penalize
exposed weight directly in the objective function. This is the constrained ridge correction: it preserves
the simplex (and hence the convex-combination interpretation) but adds an exposure-aligned ¢,
penalty on the weights, so that placing large weight on high-risk donors becomes explicitly costly.

The target is unchanged: under the proportional spillover model of Section [2] the contamination
at time t > Ty is p7y Zjeﬁ w; (with p; = p in the homogeneous case). More generally, for a
nonnegative spillover profile d;;, the bias is By =) ;W5 d;¢. Constrained ridge acts on the term that
transmits this bias—the weights themselves—while leaving pre-period fit as the primary matching
criterion.

The choice between rescaling and constrained ridge—and the unconstrained ridge of Section [6}—is

taken up systematically in Section@ (Abadie & L’Hour, Abadie et al., Ben-Michael
et al., Doudchenko & Imbens, .

Let X; € RX be the treated unit’s pre-treatment predictors, Xo € R¥*/ the donor matrix, and
V > 0 the diagonal importance matrix. Retain the safety score n; € (0,1) from Section and
define the exposure-aligned penalty weight ; = g(nj)ﬁ with g strictly decreasing (Assumption .
More-exposed donors (lower 7);) receive a larger penalty weight 1);; safer donors receive less. The
constrained-ridge synthetic control solves

J
min Jy(w) = || X; — Xow|{ + )\ZI/)]' wjz st. w>0, 1Tw=1, (22)
weRJ =
where A > 0 tunes the overall strength of the exposure-aligned penalty. At A = 0, is standard
SCM. As A grows, large weight on high-) donors becomes increasingly costly, inducing a smooth
reallocation toward safer donors. The simplex constraints are retained, so the convex-combination
interpretation and the SCM diagnostics survive.

SWe use 1, for the penalty schedule throughout. This should not be confused with influence-function notation in
the semiparametric literature (e.g., Bickel et al. {1993} van der Vaart [1998)); no such object enters this paper.
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Beyond the standing Design Assumptions [[H3] the constrained-ridge analysis uses two further
conditions: strict convexity of the penalized program, and a first-order coverage condition that
translates ¥-weighted norm reductions into exposed-mass reductions.

AssuMPTION 6 (Exposure-aligned penalties). The penalty schedule 1; = g(n;) is strictly decreasing
inn: if donor m is more exposed than donor £ (i.e., Ny < 1g), then 1y, > 1. For numerical stability,
infj Q/Jj > y > 0.

Assumption [0] restates the design lever of Assumption [3] locally: nearer donors face a strictly
larger marginal cost per unit weight, so any reallocation that moves mass from high- to low-v
coordinates is weakly preferred by the penalty term. Bounding 1 away from zero prevents nearly
unpenalized coordinates that would defeat the regularization. (Under Assumption [3(ii), this is
automatic. )

ASSUMPTION 7 (Strict convexity and well-posedness). Suppose A > 0. Then the Hessian Hy =
2XJ VXo+ 2ADy,, where Dy := diag(v1,...,vy), is positive definite, so the program (22|) with
w>0 and 17w =1 admits a unique minimizer w™, and the Karush—Kuhn-Tucker conditions are
necessary and sufficient (see Boyd & Vandenberghe, .

Assumption [7]ensures a unique solution characterized by first-order conditions; it is the analytical
handle used to compare exposed mass across tunings.

AssumPTION 8 (First-order coverage by safer donors). Let £ C J denote the exposed band and
S = T\ & its safe complement. For each m € & there exists o™ € Ais) and Z(m) = Y ores agm)X.,g
such that, at the constrained-ridge solution w® with residual r® := Xow®™ — X7,

rNTV(ZzM X ,,) <0, (23)
with strict inequality for at least one m € &.

Assumption |8 is the weight-penalized analogue of the coverage condition used for rescaling. It
encodes that the donor pool contains informative safer donors whose predictors, viewed through the
lens of the current residual, can stand in for those of exposed donors without worsening pre-period
fit at first order.

Characterization, not prediction. The condition in is stated at the constrained-ridge solution
w™ | which is itself the object Theorem [3| characterizes. Three referees independently noted this:
the condition depends on the residual at the penalized optimum, which in turn depends on A, the
data, and the penalty schedule. We adopt the assumption as written and are explicit about its
meaning: Theorem [3is a characterization result. It says that if the constrained-ridge solution
exhibits first-order coverage in the direction from exposed to safer donors, then the ¥-weighted norm
and the exposed-mass envelope are controlled by the stated bounds. The researcher can verify
ex post by examining the residual at the chosen A. A more primitive version of the condition, stated
at the unpenalized solution w(®, would be predictive rather than characterizing, but it is also more
restrictive: it requires coverage to hold at a solution (w(?)) that does not take exposure risk into
account. The characterization form accepts weaker sufficient conditions in exchange for the ex post
verification burden. In the simulations and applications of Sections we verify directly at
each selected A\ and find it holds in every specification reported.

THEOREM 3 (Bias control under constrained ridge). Let w®) solve minyen, || X1 — Xow||? and let
w®™ solve with A > 0. Let gg = minjeg ¥; > 0. Under Assumptz’ons@ (md@

1/2 1/2
IDY2 0Py < IDY2 0@, (24)
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and therefore the exposed weight mass satisfies

—1/2
Yl < VIE(w,) 2 IDY? w . (25)

meé&

Under the localized spillover model, the bias envelope |7A'tCR’(>‘)—Tt| < plr|VIE| (%)_1/2 ||D11/2 wCN |,

18 momincreasing in A, where wC M)

superscripted form wCHM)
of Section @

= w® denotes the constrained-ridge minimizer (we adopt the
in the body for consistency with the unconstrained-ridge notation wVf™)

The mechanism rests on what defines wC(™): it beats every other feasible weight on the joint

objective Jy. Two facts follow from the comparison with w(®). The penalized solution has a lower
-weighted norm than w®, because it is what the penalty prefers, and it has a worse pre-period
fit than w(®, because w(® is what fit alone prefers. The inequality extracts the first fact
cleanly: the fit degradation is absorbed by the penalty reduction, yielding the -weighted norm
comparison. Because the minimum penalty weight on the exposed band is ¢ £ this norm comparison
translates via Cauchy—Schwarz into the exposed-mass bound . The formal proof, including a
proof roadmap and detailed steps, appears in Appendix [A3]

Because it keeps the simplex, the constrained ridge preserves the familiar convex-combination
interpretation of SCM while penalizing weight on exposed donors, and it hands the researcher direct
control over the penalty strength through A: larger A pushes more weight toward safe donors, at the
cost of worse pre-period fit. Cross-validation on pre-treatment data selects the A that balances these
two objectives. This correction is appropriate when the donor pool does not support the coverage
structure required for rescaling (Assumption , or when the researcher prefers a continuous tuning
parameter with familiar diagnostic interpretation over a binary contraction step. The cost is that
the penalty shrinks exposed-weight mass only partially, never eliminating it as rescaling does under
band dominance.

REMARK 4 (Raw band-mass dominance). On the simplex, the penalty-only minimizer is w;?en =

(1/4)/ >u(1/tg), with band mass P := > cwp < [E]/J (since Yy >ty forme &, L€ S).
(0)

When the unpenalized mass co := ), e wm’ satisfies co > P"—as is typical when near donors
contribute meaningfully to pre-period fit—the ridge solution path pulls mass toward cP", yielding the

raw comparison Y o ww){ <D omee wﬁ,ﬁ’) directly. All simulation specifications in Section |7 satisfy
this condition.

Theorem [l converts into bias attenuation for the contamination models of Section Pl Under the
localized proportional-spillover model,

B[] 5 = - pr 3 wGEO),
meé

so ([25) provides a direct envelope on the bias. More generally, for any spillover profile §; = (0;¢), a
Dy-weighted Cauchy—Schwarz factorization gives

> wy 8| < 1D 26l 1D 2w,
J

which is tighter under penalization because the second factor is smaller. This factorization is
developed in full in Theorem [4]
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Tuning follows the pre-period-only principle standard for SCM and its regularized variants
(Abadie & L'Hour, Abadie et al., Ben-Michael et al., Doudchenko & Imbens, .
We recommend selecting A by cross-validation on pre-treatment data, then reporting: the schedule
g(+), the tuning grid and selected A, pre-period fit at A = 0 and at the chosen A, and a direct check
of Assumption [§ via at the chosen \.

6 Unconstrained Ridge Adjustment

Both rescaling and constrained ridge operate on the simplex. When the simplex constraints are
binding—when the best counterfactual for X; requires negative weights or a level shift—a natural
question is whether relaxing the simplex can further reduce contamination. The unconstrained
ridge estimator does exactly this: it estimates weights in R/ with an exposure-aligned ridge penalty,
accepting the loss of the convex-combination interpretation in exchange for two additional degrees
of freedom. Negative coefficients can actively cancel contaminated donors, and unrestricted scaling
can absorb a level shift between donors and the treated unit.

This connects to established regularized and augmented SC formulations (Abadie & L’Hour,
Ben-Michael et al., Doudchenko & Imbens, . The specific contribution here is to
calibrate the ridge penalty by spatial reach, so that shrinkage is strongest where spillovers are most
plausible. In practice, the researcher switches from constrained to unconstrained ridge when the
ring diagnostic indicates strong local interference and either (i) suppressing exposed mass on the
simplex materially degrades pre-period fit, (ii) modest negative weights would counteract residual
contamination, or (iii) an overall level shift improves fit. The cost is the loss of convex-combination
interpretability; weights no longer read as “share of donor j in the synthetic control.”

Fix the same notation as before: X; € RX, Xg € REX/ and V = 0. Let n; € (0,1) be the safety
scores and ©; = g(n;) the exposure-aligned penalty from Section [5| (for concreteness, g(n) =1 —n).
Write Dy, = diag(1,...,%). The unconstrained ridge estimator solves

wFO) € arg min X2 - Xowl} + AMD 0l A0, (26)
with closed form
w/BO) = (XJVXo+ADy) ' X VXL (A>0). (27)

We adopt the superscripted indexing wVE M) in the body to parallel the constrained-ridge notation

wC ) of Section |5} the appendix proof of Theorem 4] retains the equivalent function-argument
form wY®()\) used during the original derivation. The simplex constraints w > 0 and 17w = 1
are dropped; the pre-period objective is unchanged relative to SCM and constrained ridge. Post-
treatment prediction applies wV ™) to donor outcomes exactly as in standard SCM, and the bias
channel continues to operate through the weights as identified in Theorem [l

The objective admits two natural numerical implementations of the exposure-aligned penalty,
which differ in what is penalized on the pre-period fit. The first applies the exposure-aligned penalty
directly to the predictor system X; = Xgw and yields the closed form ; we call this the X -targeted
implementation, wVAX:(A) | The second applies the same exposure-aligned penalty to the pre-period
outcome sequence Z1 = Zpw, substituting pre-treatment outcomes for predictors inside the ridge
solve, and then deploys the resulting weights on the full outcome panel; we call this the Z-targeted
implementation, wV% %X Both solve penalized least squares with the same penalty matrix Dy
and the same closed-form structure as ; both satisfy Theorem [4| term for term. They differ
only in which pre-period system is minimized: predictor-targeted URX minimizes || X1 — Xowl|},
outcome-targeted URZ minimizes ||Z1 — Zow||?,. When the predictor set already contains pre-period
outcomes (the standard SCM practice we follow here), the two systems carry overlapping information
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but weight it differently: URX’s predictor vector includes covariate averages plus a small number of
outcome lags with equal V-weight, while URZ’s outcome vector concentrates the full pre-period
outcome history in the fit.

We adopt URX as the default exposure-aligned unconstrained ridge reported throughout the
paper. URZ attains the smallest pre-period RMSE of any estimator we report (Table ; this near-
perfect pre-period fit is, however, an over-fit on the outcome system, and it translates to materially
worse post-period variance under factor-structured donor pools (Section . URX exchanges a small
amount of pre-period fit for substantially smaller post-period RMSE, motivating its adoption as the
recommended default beyond simple post-period RMSE dominance. The simulations in Section [7]
show that URX delivers uniformly near-Oracle RMSE across all three DGPs we study, including a
factor-model DGP where URZ’s RMSE deteriorates sharply at high p; the predictor-targeted solve
is also more stable numerically when the pre-period outcome path is short or noisy. URZ is reported
alongside URX for transparency and is available as an option in the accompanying software.

The structural conditions are the Design Assumptions together with Assumption m (A>0,
giving XJ VXo+ ADy = 0 and as the unique minimizer). No new structural conditions are
required relative to constrained ridge; we simply relax the simplex and nonnegativity constraints.

THEOREM 4 (Exposure-weighted unconstrained ridge: bias envelope and tuning monotonicity). Let
wV BN solve with A > 0 under the exposure-aligned schedule in Assumption @ For any exposed
set € # 0 with ¢, := minjeg 5 > 0,

S < VR o)
je&

12, 1z,

and the map A — || D,/ RB.N||y is nonincreasing with limy_, o || D URN|ly = 0. Consequently,

under the localized, tzme homogeneous model of Sectzon@ (Theoreml)
AUR 1/2

— 7| < plnlVIE[WZY? || Dy PwV R
More generally, for any spillover profile {0¢}jes (not necessarily nonnegative or supported on &),

D e (28)

y

where ||D;1/2(5t||2 = (Z] 5]2'15/%)1/2' When ¢ is supported on € (as in the localized model above),

||D1;1/2(5t\|2 < y;l/Q |10¢ ¢||2, recovering the localized bound. Setting 6 = 1g in likewise recovers
the exposed-sum bound in the first display. Hence the right-hand side is nonincreasing in A and
vanishes as A — 00.

The envelope traces back to the exposure-aligned penalty matrix D,;, which does double duty. On

one side of the bound, it controls the weights through HD}/ 2w||2: highly exposed donors contribute
more to this norm, so shrinking the norm forces their aggregate contribution to shrink. On the other
side, it reweights the spillover profile through ||Dq;1/ 2515“2, and when spillovers are aligned with
exposure—large § on donors with large 1)—this factor is well-behaved. The ridge path monotonicity
transfers directly: as A grows, the penalized norm decreases, and the contamination envelope
shrinks with it, vanishing in the limit. Dropping the simplex enables negative weights that can
actively cancel contaminated donors, and the absolute value on the left side of captures partial
cancellations in the bound. The formal proof, including a proof roadmap and detailed steps, appears

in Appendix
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Relaxing the simplex costs the convex-combination interpretation of SCM and in return opens
two degrees of freedom relative to the constrained ridge: negative weights, which can actively cancel
contaminated donors, and unrestricted scaling, which can absorb a level shift. The bias envelope
shrinks monotonically in A, providing direct and deterministic control over the contamination channel
(under the proportional spillover model of Section ; the general bound tightens similarly).
This is the most aggressive of the three corrections—appropriate when the diagnostic of Section [3]
indicates strong local interference and the researcher is willing to trade interpretability for stronger
bias reduction. In practice we recommend it when constrained ridge does not deliver adequate
bias reduction at a tuning that preserves pre-period fit, or when modest negative weights are
diagnostically useful to account for residual contamination.

The aggressiveness of the correction raises the bar on what should be reported. The researcher
should report the schedule g(-), the tuning grid and selected A, pre-period fit at A = 0 and at
the chosen \, the distribution of wV#®) (including share and magnitude of negative weights),
and two exposure-oriented diagnostics: (i) the exposure-weighted norm HD;/ 2wUR’()‘)Hz and (ii)

the exposed-sum proxy | > jee w][-JR’(A) |, alongside the envelope from Theorem Placebo-in-space

procedures remain informative for gauging post-period deviations, with the caveat that weight
interpretability off the simplex differs and should be reported as such.

Comparison of Corrections

The three corrections share a single design target: reducing exposed weight mass or its norm-analogue
(under the proportional spillover model of Section . They differ in where they intervene, what
they preserve, and which donor-pool conditions they require. Table 2| summarizes the differences.
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Table 2: Comparison of the three corrections

. “Exposed mass” is > jeg Wj; “exposure-weighted norm” is

1/2
1D W w2
Property Rescaling Constrained ridge Unconstrained ridge
Simplex preserved Yes Yes No
Nonnegativity Yes Yes No
Negative weights No No Yes
Level shifts admissible No No Yes
Intervention point Predictor geometry  Objective function Both feasible set and objec-

What it controls

Strength of guarantee

Tuning parameter

Key coverage assumption
Convex-combination interpretation
Standard SCM diagnostics

Primary risk

When to prefer

(columns of Xo)
Exposed mass ), w;

Elimination (= 0) un-
der band dominance
None (binary: rescale
or not)

Band dominance (Af)

Preserved
Transfer directly

Pre-period fit degrada-
tion if pool lacks safer
covers
Large,
diverse

geographically
donor  pool,
moderate interference

(weight penalty)
Exposed mass >, o w;

Envelope that shrinks in
A; no elimination

A€ [0,00), cross-
validated
First-order coverage at
w® (AR)
Preserved

Transfer directly

Partial (not full) exposed-
mass reduction

Interpretability mat-
ters; simplex-based fit
adequate; want smooth
tuning

tive
Exposure-weighted
1Dy ?wll2
Envelope monotone in A, van-
ishing as A — oo

A € (0, 00), cross-validated

norm

None beyond Design Assump-
tions (envelope is in terms of
a declared band &)

Lost
Require
simplex)
Loss of interpretability; insta-
bility if A too small

adjustment  (off-

and
corrections

Strong  interference
simplex-based
cannot reduce bias without
destroying fit

The three corrections represent different positions on the factor-model / interference tradeoff
that motivates this paper (under the proportional spillover model of Section . The donors that
factor-model logic favors—those with trajectories similar to the treated unit’s—are the same donors
that interference contaminates when they are spatially proximate. Rescaling resolves the conflict
on the simplex by re-expressing fit so that the two concerns can be balanced without abandoning
the convex-combination interpretation; it eliminates exposed mass entirely when the donor pool
supports the coverage structure. Constrained ridge also stays on the simplex but intervenes in
the objective function, delivering a smooth reallocation with an envelope that shrinks in A rather
than a full elimination. Unconstrained ridge abandons the simplex, maximizing control over the
contamination channel at the cost of the interpretation that factor-model logic motivates in the first
place.

These positions define a default ordering. Start with rescaling when the donor pool is large
and geographically diverse: it preserves the simplex, so standard SCM diagnostics transfer without
adjustment, and its primary cost—pre-period fit degradation when the pool lacks safe donors—is
directly diagnosable from the pre-period residuals. When rescaling materially degrades pre-period
fit, move to constrained ridge and select A by cross-validation on pre-treatment data; this retains the
simplex and its interpretation while trading a continuous amount of fit for a continuous reduction in
exposed mass. Deploy unconstrained ridge only when neither simpler correction can reduce bias
without destroying fit, and be explicit in reporting that the convex-combination interpretation has
been relaxed in exchange for stronger bias control. The simulations in Section [7] illustrate how the
three corrections trade off across donor-pool geometries and interference strengths.
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7 Simulation Evidence

The Monte Carlo evidence confirms that each correction delivers the bias control its theorem
promises, with URX (predictor-targeted unconstrained ridge) sitting closest to the Oracle across all
three data-generating processes. The corrector rankings prove robust to reach calibration and to
magnitude- and family-misspecification of the reach map; only when reach is non-monotone does the
entire framework go silent, and that case is itself diagnosable. The detection test behaves likewise: a
three-ring permutation partition dominates two rings in the medium- and dense-graph cases, while
four rings is the appropriate partition for sparse graphs.

The remainder of the section documents the design (§7.1]), reports performance under a correctly
specified reach map across the three data-generating processes ( Appendix shows the
reach map need not be tuned finely), examines robustness to reach misspecification (, reports
detection performance of the ring-based test (, and summarizes the practical implications (§7.5]).
Full per-cell tables are in Appendix

7.1 Design

The population is the contiguous 48 U.S. states, and three of them serve in turn as the treated unit,
chosen to span graph density in the first-order contiguity network: Missouri (8 neighbors, dense),
Minnesota (4 neighbors, medium), and California (3 neighbors, sparse). Missouri is the lead case
and is used in all tables that report a single treated unit; Minnesota and California enter only in the
detection subsection, where graph geometry matters. Panels have length 7" = 30 with treatment
initiated at Ty = 20, leaving a post-treatment window of 10 periods.

Spillover travels through geography. The exposure set £ consists of the first-order contiguous
neighbors of the treated unit, and the latent distance used by the reach map is the great-circle
distance between centroids. After Tj, the treated unit receives a constant direct effect 7; each
j € & receives pr; all other units are undisturbed. So 7 indexes effect magnitude and p € [0, 1]
the spillover share. Unless stated otherwise, 7 = 4, which yields mean pre-period outcomes of
comparable magnitude to the effect and is the main-text reference; results at 7 € {1, 7} are reported
in Appendix and carry the same qualitative pattern.

What varies across designs is the pre-period data-generating process (DGP), along the dimension
most consequential for SCM performance: the donor-pool factor structure. Baseline is a stable
additive model with a unit effect, independent standard-normal covariates, and idiosyncratic noise,
plus one outcome lag in the predictor set; this is the design under which Theorems are stated.
Heterogeneous adds unit-specific variance to the covariates, which stresses the rescaling correction
by reshaping predictor geometry. Factor Model replaces the covariate-only structure with a latent
two-factor outcome process in which donor loadings are heterogeneous; observable covariates are noisy
proxies for the first two loadings. This is the setting that motivates SCM itself and, symmetrically,
the setting in which the unconstrained ridge path must traverse the largest region of weight space.
Full DGP parameters appear in Appendix

Six estimators run on each of these designs. The first is the Oracle, a synthetic control restricted
to the donor subset J \ £ uncontaminated by spillovers; this estimator carries the higher sampling
variance that comes with a smaller donor pool but is unbiased by constructionﬂ Against it we set
five feasible competitors: Standard SCM (Abadie et al., without any correction; Rescaling
(Section[d); Constrained Ridge with pre-period cross-validated A (Section[5]); Unconstrained Z (URZ),
the outcome-targeted ridge; and Unconstrained X (URX), the predictor-targeted ridge we adopt
as default (Section @ All four corrections share the same exposure-aligned penalty matrix D,

9The Oracle is not dominated by any feasible estimator definitionally; it is dominated only via the variance penalty
its smaller donor pool incurs.
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with g(n) = 1 —n, the safety scores n; truncated into [¢,1 — €] for € = 0.025@ Ridge tuning uses
rolling-origin cross-validation on the pre-period only, as recommended in Section [5}

Each cell of the design grid is run for R = 1,000 independent replications, with parallel per-cell
seeds to ensure reproducibility. Replications in which an estimator’s solver fails or produces a
non-finite estimate are counted and flagged; cells with fewer than 900 valid replications are marked
with a dagger in the tables. For each estimator we report bias, root mean squared error, 95%
confidence-interval coverage based on the estimator’s placebo-in-space reference distribution, and the
continuous ranked probability score (Gneiting & Raftery, of the estimated-effect distribution
against the degenerate distribution at 7. Coverage close to 0.95 indicates a well-calibrated sampling
distribution; substantially higher coverage indicates conservatism. CRPS has units of the outcome
and aggregates mean and spread into a single distributional metric.

7.2 Estimator performance under a correctly specified reach map

Throughout this subsection the reach map is taken as correctly specified and calibrated by the
quantile anchoring (Q) of Appendix we report these Q-calibrated results in the main text. This
is not a fragile choice: Appendix [A.6] shows the leading conclusions are invariant to whether the
logistic slope is set by quantiles or by moments, with the parallel moment-calibrated figure and
CRPS tables collected there, and Section [7.3| relaxes correct specification itself.

The headline pattern is that Standard SCM bias scales linearly with p in every DGP while URX
holds bias below 0.002 in Baseline and Heterogeneous and below 0.007 in Factor Model. Figure [3]
plots this across the full p grid; Table [3| reports the point estimates at the 7 = 4 flagship cell.

Standard SCM attenuates sharply, and by precisely the margin Theorem [I] predicts. In the
Baseline DGP it carries bias —0.207 at p = 0.3, —0.421 at p = 0.6, and —0.635 at p = 0.9: the
contamination channel —7p " jes Wy, evaluated at the unadjusted SCM weights, delivers a linear-in-p
downward shift. Identical patterns obtain in the Heterogeneous and Factor Model DGPs, where
at p = 0.9 Standard SCM carries biases of —0.607 and —0.620 respectively. The RMSE tells the
same story: Standard SCM’s RMSE exceeds 0.92 at p = 0.9 in every DGP (0.962, 0.921, 0.978 for
Baseline, Heterogeneous, and Factor Model respectively).

Against that baseline, Rescaling cuts the bias five- to six-fold. At p = 0.9 its bias is —0.124
in Baseline, —0.118 in Heterogeneous, and —0.149 in Factor Model, against Standard SCM’s —0.6
range, and RMSE at p = 0.9 falls to approximately 0.44 in Baseline and Heterogeneous and 0.37 in
Factor Model—a three- to four-fold improvement. That Rescaling does not literally eliminate bias,
despite Theorem [2] stating elimination of exposed mass, reflects the fact that the donor pool’s band
structure in the simulated geography does not perfectly satisfy Assumption [5] for every replication
draw: the residual bias comes from replications where the safer band does not fully cover the treated
unit’s predictors. This is the correct empirical content of the theorem: when the assumption holds,
elimination obtains; when it nearly holds, substantial reduction obtains.

Constrained Ridge lands where the envelope says it should, between Standard SCM and Rescaling,
as Theorem [3| anticipates: it shrinks the exposed-mass envelope continuously in A without relocating
weight outside the simplex. At p = 0.9 its bias is —0.477 (Baseline), —0.456 (Heterogeneous), —0.417
(Factor Model)—roughly 25% in Baseline and Heterogeneous and 33% in Factor Model, relative to
Standard SCM. The cross-validated A favors fit over aggressive shrinkage at the margin, which is
the expected Bayes-risk tradeoff when outcome data are not used in tuning.

URX goes furthest, tracking the Oracle in both bias and RMSE. Its bias is essentially zero in
every cell of the performance table: |Bias| < 0.002 in Baseline and Heterogeneous and < 0.007

10T he truncation cap that bounds the penalty ratio and the logistic tail target in the reach calibration of Appendix
are set to the same numerical value 0.025 for economy of reporting; they serve different numerical purposes (bounded
Dy vs. locating the logistic in distance space).
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Figure 3: Bias (top) and RMSE (bottom) across the three DGPs (columns) as a function of spillover
intensity p. Each panel plots the six estimators under the quantile reach calibration at 7 = 4;
R = 1,000 replications per cell. Oracle (dashed) gives the unbiased benchmark; URX (solid) tracks
Oracle in bias and below it in RMSE in Baseline and Heterogeneous.

in Factor Model, with RMSE below 0.28 throughout. In the Baseline and Heterogeneous DGPs,
URX’s RMSE sits below the Oracle’s across the full p grid at 7 = 4—the exposure-aligned penalty
purchases variance reduction that offsets the small negative-weight variance from leaving the simplex
(see the estimator definition in . In the Factor Model DGP, URX tracks the Oracle to within
0.02 in RMSE at p <0.9.

URZ shares URX’s near-zero bias across all three DGPs, but its RMSE diverges sharply in the
Factor Model. At p = 0.9 there, URZ has RMSE 0.996 against URX’s 0.272, a nearly fourfold
difference that reflects instability in the outcome-targeted solve when donor outcome paths load
heterogeneously on common factors. The predictor-targeted formulation of URX regularizes on
covariate averages in addition to pre-period outcomes, which imposes enough additional structure
to stabilize the ridge path. This is the empirical basis for our recommendation of URX as default
(Section [6)).

A simpler alternative is to drop all donors flagged as exposed before estimating, but trimming is
fragile in practice. It requires researchers to identify exactly which donors to drop—itself unknown
in applications, where both the reach map and any threshold are estimated from limited pre-
treatment data—it imposes a binary 0/1 decision that collapses a continuous exposure gradient (and
discards the factor-structure signal that partial-exposure donors carry), and it offers no theoretical
guarantee analogous to Theorem [} Appendix reports the trimmed-donor estimator in full;
while competitive in some low-interference and latent-factor regimes, it is dominated by URX across
most realistic cells and requires exogenous choices that URX avoids.
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Figure 4: Bias (top) and 95% coverage (bottom) under Baseline plus four reach-calibration scenarios
(A-D) as rows within each column and p € {0.3,0.6,0.9} (columns). Scenarios A and B scale v, by
2 and 0.5; C imposes a sharp cutoff; D imposes a non-monotone reach. Dashed horizontal line at
0.95 (coverage target) in the lower row.

7.3 Sensitivity to reach misspecification

The reach calibration (v, ¢) is estimated from distances only and involves no outcome data, but
it is still a choice the researcher makes. Three distinct kinds of misspecification are at issue:
magnitude misspecification of the logistic slope (the parametric family is correct, the slope is wrong);
family misspecification (the parametric family is dropped entirely in favor of a sharp cutoff); and
monotonicity failure (the reach is non-monotone in distance, which violates the framework’s structural
premise). Figure [4] reports performance under four scenarios that span these three kinds: (A) 7.
doubled, (B) ~, halved, (C) a sharp cutoff reach in place of the logistic, and (D) a non-monotone
reach in which spillover intensity peaks at intermediate distance and then declines; the underlying
bias, RMSE, and coverage numbers are tabulated in Appendix (Table [15]).

The key pattern is that corrector rankings and coverage survive both magnitude (A, B) and
family (C) misspecification, while the non-monotone scenario (D) puts all estimators in the same
place because the target itself vanishes. Figure [f] visualizes coverage relative to the 0.95 nominal
line.

Getting the magnitude of the logistic slope wrong (scenarios A and B) leaves the picture intact:
corrector rankings are preserved and all four correctors hold coverage at or above 0.905 at every p.
URX has the smallest RMSE, Rescaling has the smallest bias among simplex-preserving corrections,
and Standard SCM is always the worst performer, its coverage dropping below nominal at p = 0.9
to 0.880 in scenario A and 0.872 in scenario B.

Dropping the parametric family altogether for a sharp cutoff (scenario C) preserves the same
rankings: URX retains |Bias| < 0.002 and the smallest RMSE, while Rescaling and Constrained
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Ridge maintain coverage above 0.92. The framework therefore depends on monotonicity of reach in
distance, not on the specific parametric form. Standard SCM coverage at p = 0.9 under C is 0.931,
the closest of the four scenarios to nominal—the sharp-cutoff reach reduces the contamination band
size enough that even the unadjusted estimator partially escapes attenuation, though it still loses to
all four correctors on RMSE.

The one scenario that breaks the framework, by design, is non-monotone reach (scenario D),
which isolates the monotonicity requirement. When reach is non-monotone in distance, the average
contamination over the treated unit’s neighbors vanishes in expectation, because contamination from
close neighbors is offset by contamination from intermediate neighbors with opposite-sign p;. Every
estimator, including Standard SCM, then has bias within 0.04 of zero under scenario D. This is
calibration, not corrector success: the contamination channel itself has gone to zero. The corrections
presume a monotone reach by construction. A non-monotone reach is outside the framework’s scope
and would in principle be diagnosable from the ring test under a two-sided contrast; empirical
validation of this is left to future work.

7.4 Detection of interference

The detection question is which ring partition K, maximizes power for a given graph density. The
pattern that emerges is partition-density matched: K, = 3 for medium and dense graphs, K, =4
for sparse graphs. Table [4] reports rejection rates of the ring-based permutation test from Section
across the three treated states and three ring partitions K, € {2,3,4}; Figure |5 traces these as a
function of p.

Table 4: Ring-Based Permutation Test: Detection Rates by K, and K

Sparse (California, K,, =3) Medium (Minnesota, K, =4) Dense (Missouri, K, = 8)

p K,=2 K,=3 K,=4 K,=2 K,=3 K,=4 K,=2 K,=3 K,=4
0 (Size)  0.009  0.010 0.004  0.006  0.016 0.027  0.000  0.008 —
0.1 0.073  0.002 0.345 0.130  0.955 0.962  0.000 0.822 —
0.2 0.074  0.000 0.599 0.157 0.977 0.978  0.000 0.828 —
0.3 0.056  0.000 0.690 0.154  0.980 0.981  0.000 0.826 —
0.5 0.017  0.000 0.707  0.140  0.980 0.982  0.000 0.824 —
0.7 0.002  0.000 0.708 0.118 0.979 0.981  0.000 0.828 —
0.9 0.001  0.000 0.709  0.097 0.979 0.982  0.000 0.826 —

Notes: The ring-based permutation test rejects the sharp null Hp: no interference, i.e., treatment assignment is

exchangeable across the treated-unit’s ring structure. Entries are empirical rejection rates at nominal level o = 0.05;
see Section [3] for the test construction. p = 0 row reports empirical size (nominal 0.05). K, = number of distance
rings. K,, = graph neighbors of treated state. R = 1,000 permutation draws per specification. 7 = 4, baseline DGP.
Bold marks rates exceeding 0.10. Placebo skip percentages reported in companion Table Cells shown as —
correspond to K, =4 in the Missouri (dense) graph, where the fourth ring is empty for the treated unit’s
neighborhood so the contrast is undefined. ': cells with fewer than 900 valid replications (of 1,000).

Size sits at or below nominal everywhere. At p = 0 the rejection rate is < 0.027 across the
eight available (state, K,) cells (Missouri at K, = 4 is undefined and reported as --), with most
cells below nominal 0.05. The test is finite-sample exact under the sharp null by construction; the
empirical undershooting at p = 0 reflects the conservatism of the Fisherian reference distribution
when the number of ring permutations is modest.

Where the partitions separate is in power, and the ordering depends on graph density. In the
medium-density (Minnesota) and dense (Missouri) graphs, K, = 3 Pareto-dominates K, = 2, and
in the medium-density case the contrast is extreme: K, = 2 peaks at a rejection rate of 0.157 at
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Figure 5: Rejection rate of the ring-based permutation test as a function of p, for three treated
states (columns) and three ring partitions (K, € {2, 3,4}, line colors). Nominal level oo = 0.05 shown
as horizontal dashed line. R = 1,000 replications per (p, K, state) cell.

p = 0.2, while K, = 3 reaches 0.955 at p = 0.1 and saturates near 0.98 by p = 0.2.

Dense graphs do not let K, = 3 run all the way to unity, however. In the dense (Missouri) graph,
K, = 3 detection saturates at approximately 0.82. Missouri’s inner ring contains 8 contiguous
neighbors; we conjecture that this density limits the number of distinct ring-ordered placebo
assignments, imposing a Fisherian upper bound on the attainable rejection rate—roughly 0.82 at
K, = 3. A formal permutation count is left to future work. This is a feature of the exactness of the
test, not a flaw in its design: for very dense graphs the number of available permutations, not the
signal-to-noise ratio, is the binding constraint. In the sparse (California) graph, by contrast, K, =3
carries essentially zero power: the rejection rate is below 0.01 at every p > 0.1, with K, = 2 winning
at every value. The intuition is that a two-ring partition merges the inner exposed band with the
outer clean band into only two bins, diluting the proximity signal; a three-ring partition isolates
near, medium, and far units and concentrates the test statistic on the near—far contrast where the
signal is strongest—but only when the graph supports a non-degenerate three-bin partition.

That is where a fourth ring earns its place. In the sparse case (California), K, = 4 is the
dominant partition, achieving rejection rates up to 0.71 at p > 0.3, whereas in the dense case
(Missouri) K, = 4 is undefined because the fourth ring is empty given the treated unit’s local
geography.EHE The appropriate partition therefore depends on graph density — which is itself
diagnosable from the donor pool’s adjacency structure — and we recommend K, = 3 as the primary
report for graphs with > 4 first-order neighbors and K, = 4 as the primary report for sparse graphs
(< 3 first-order neighbors), subject to the skip-rate check of Table

7.5 Takeaways

The simulation evidence delivers four practical conclusions.

Standard SCM is unsuitable when spillovers are plausible: its bias scales linearly with p as
Theorem |1| predicts, and coverage degrades below nominal at realistic p (0.871 in the Baseline DGP
at p = 0.9). Among the corrections, URX is the strongest all-purpose choice on RMSE. Its bias

UM issouri’s K, = 4 size cell is reported as -- because the fourth ring is empty in its graph.
12California and Minnesota each show a 4.2% placebo skip rate at K, = 4; cells are marked with a dagger when the
skip rate exceeds the 0.1% flagging threshold (Table[27). The test remains well-sized conditional on valid permutations.

34



is indistinguishable from zero in Baseline and Heterogeneous and below 0.007 in Factor Model,
and its RMSE falls below the Oracle’s across the full p grid in Baseline and Heterogeneous and
within 0.02 of the Oracle in Factor Model; URZ matches URX in pre-period fit but loses post-period
stability under a factor-model donor pool, which is why we take URX as the default. When the
convex-combination interpretation must be retained, rescaling is the preferred correction, since it
eliminates most exposed mass, preserves that interpretation, and holds coverage at or above 0.929
across all reach-misspecification scenarios.

For the ring-based detection test, the appropriate partition depends on graph density. At
K, = 3 the test reaches 0.955 at p = 0.1 and saturates near 0.98 by p = 0.2 in the medium-
density (Minnesota) graph, and reaches rejection rates around 0.82 in the dense (Missouri) graph—a
conjectured Fisherian permutation-count ceiling, not a signal-to-noise limit. In the sparse (California)
graph, K, = 4 is the appropriate partition, achieving rejection rates up to 0.71 at p > 0.3. Because
graph density is itself diagnosable from the donor pool’s adjacency structure, the choice of partition
need not be made blind.

Reach misspecification within the monotone family does not overturn any of these rankings.
The complete per-cell performance grids, sensitivity tables, and the trimmed-donor benchmark are
collected in Appendix the quantile-versus-moment calibration comparisons and the moment-
calibrated figure are in Appendix [A.6]

8 Replications

We now apply the framework—diagnostics and corrections—to four influential applications in which
synthetic control is the primary design. For each case we first probe for interference using the
ring-based randomization test from Section [3} distances are great-circle distances between unit
centroids and we examine several ring definitions and all pre/post windows. We then discuss coverage,
i.e., whether the donor pool spans near, mid, and far units relative to the treated unit, which is
critical for diagnosing SUTVA and for learning whether spillovers are plausibly localized. Finally, in
a setting where richer coverage is attainable, we re-estimate the design with an expanded donor
pool and implement the bias-correction tools developed above. All reported p below are the weak
permutation p-value p(*) of Section .

The four studies are: Abadie and Gardeazabal on the economic impact of the Basque
Country conflict (Spanish provinces as donors), Ben-Michael et al. on the Kansas 2012 tax
cuts (U.S. states), Abadie et al. on the economic consequences of German reunification
(OECD countries), and Kikuta on civil war and deforestation in the Democratic Republic of
the Congo (cross-national donors). Following each study’s original construction (predictors, pre/post
split, and weighting metric V'), we run our proximity diagnostic. In these original data sets, we do
not detect interference at conventional levels: p = 0.556 (Basque), 0.327 (Kansas), 0.389 (German
reunification, OECD sample), and 0.667 (DRC), as summarized in Table |13|in the appendix.
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=

(a) Abadie et al (2003) Conflict in the
Basque (b) Ben-Michael et al (2021) Kansas tax cut
p=0.556 p=0.327

(c) Abadie et al (2015) German (d) Kikuta (2020); Civil war and
Reunification deforestation
p = 0.389 p=0.667

Figure 6: Prominent synthetic control applications.

The absence of detected interference in the original designs should not be interpreted as evidence
that SUTVA necessarily holds; rather, it highlights a potential design limitation. Detecting a
proximity pattern requires coverage: a donor pool with meaningful variation in distance—near, mid,
and far units—so that the diagnostic can compare rings. When the donor pool is geographically
scattered or concentrated in a single band, the design cannot reveal whether neighbors behave
differently from far-away units, and any inference must effectively assume away spillovers. In our
four cases, the Basque and Kansas designs pool donors from the same national space and exhibit
good coverage; by contrast, the German reunification and DRC designs use thin, hand-curated

international donor sets with limited spatial structure, which constrains diagnostic learning about
SUTVA (Table |5)).
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Application Coverage Interference

Abadie et al (2003)

Ben-Michael et al (2021) v
Abadie et al (2015) X
Kikuta (2019) X
Expanded German Reunification v

\

N X X X X

Table 5: Coverage and interference in selected synthetic control applications.

To demonstrate how coverage changes what we can learn, we revisit Abadie et al. and
expand the donor pool to all countries with complete data on the authors’ predictors and outcome,
maintaining their pre/post periodization and predictor set. The candidate universe contains roughly
150 countries; the ring diagnostic runs on the J = 117 donors with complete coverage on the outcome
and the core detection predictors (the minimal subset used to form the ring-distance statistic, rather
than the full Abadie et al. economic predictor set), and the corrections below are estimated
on the 67 donors plus West Germany (N = 68) that pass the stricter complete-case filter on the
full Abadie et al. predictor set. With this richer and geographically diverse pool, the ring
diagnostic flags a clear proximity pattern around West Germany: p drops from 0.389 in the original
OECD sample to 0.017 in the expanded sample, indicating statistically detectable spillovers. The
signal is robust to the ring partition (see Table [14): across K, € {3,4,5,6, 7}, the test stabilizes at
the discrete floor p = 2/(J + 2) ~ 0.017, so the rejection is not an artifact of a particular bin choice.

(a) Abadie et al (2015) German Reunification, (b) Expanded German Reunification,
p=0.389 p=0.017

Figure 7: German reunification: original versus expanded donor pools. Expanded coverage reveals a
proximity pattern consistent with interference.

Motivated by the diagnostic, we apply the three corrections to the expanded German case on
the N = 68 sample defined above: covariate rescaling (Section , constrained ridge (Section ,
and unconstrained ridge (Section @ We write URX for the predictor-scale variant and URZ for
the outcome-scale variant, following Section [6} All tuning is performed on the pre-treatment period
only (rolling folds), the exposure map uses distances between centroids and the donor-only logistic
calibration of Appendix with the treated unit as the referenceH and we follow Abadie et al.

13The rescaling implementation differs in one minor implementation detail between the simulations of Section E and
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(12015)) for outcomes, predictors, and V. Table |§| reports the average treatment effect on the treated
(ATT) and pre-treatment RMSE.

Table 6: German reunification (expanded donor pool, N = 68): estimates and pre-treatment fit.
Pre-RMSE is the pre-period balance diagnostic used to compare specifications; Post-RMSE is omitted
because it is ATT-magnitude-dominated in the expanded German case and is not the relevant
comparison metric. The Baseline row reports Abadie et al. ’s published values (Pre-RMSE at
two decimals as in the original); all other rows are rounded to one decimal.

Specification ATT Pre-RMSE
Baseline SC (authors’ design) —1549.9 119.08
Rescaled SC (covariate reach) 863.7 761.9
Constrained ridge (simplex) —1061.5 116.4
Unconstrained ridge (URZ, Z-scale) — —2740.7 79.1

Unconstrained ridge (URX, X-scale) —2169.1 129.5

The five rows of Table [f] can be read as a single story about the weight geometry developed in
Sections [4.1H6l Once near, mid, and far donors are all represented, the diagnostic credibly flags
interference (p = 0.017), and each corrector then moves the estimate in a way that reveals how it acts
on the exposed-donor weight mass. Covariate rescaling contracts the columns of proximate donors so
aggressively that the feasible simplex shifts to donors with quite different pre-treatment profiles; the
point estimate sign-flips from —1549.9 to +863.7, and pre-period RMSE balloons to 761.9, roughly
six times the baseline value of 119.08. This is the explicit cost of forcing convex weights through
the rescaled geometry when the exposed band holds most of the good donors, and the pattern is
consistent with Germany Expanded sitting near the boundary of the band-dominance condition
(Assumption 5|) that Theorem [2| requires for exposed-mass elimination: when the safer complement
does not cover West Germany’s predictor profile well, the guarantee that drives rescaling’s bias
reduction in the simulations of Section [7] degrades into a large fit-cost pivot rather than a clean
correction.

Constrained ridge, by contrast, keeps the simplex intact and adds an exposure-aligned ¢o penalty
that bandwise-shrinks mass away from exposed donors; it attenuates the effect toward zero (—1061.5)
while leaving pre-period fit essentially unchanged (116.4 against 119.08), exactly the tradeoff the
envelope result in Theorem [3| predicts. The two unconstrained ridge variants relax the simplex and
absorb the remaining contamination through active cancellation, and the contrast between them is
informative: URZ (the Z-scale variant) standardizes the donor residuals entering the ridge quadratic
and produces both the largest bias correction (—2740.7) and the tightest pre-period fit (79.1, well
below baseline), while URX (the X-scale variant), the closed form developed in Section |§|, preserves
the predictor scales under which that closed form was derived and magnifies the effect to —2169.1
with a mild pre-fit deterioration (129.5). Neither variant dominates on theory alone — the two
reflect different choices about what the exposure-weighted penalty regularizes — and we report
both as viable options rather than selecting one ex post. Taken together, the five specifications
trace the simplex-relaxation and penalty-scale trade-off of Sections [f.1H6} as the corrector relaxes

the applications. The applications follow the donor-only calibration of Appendix as written: we calibrate the
logistic reach over the donor-only distances {d;1};21, take the treated unit as the reference, and leave X; unscaled.
The simulations adopt a different convention—they calibrate over the distances among all units and additionally scale
the treated column by its own safety score, a factor very close to one. The two conventions therefore coincide up to a
common factor very close to one, and the divergence affects only the rescaling estimator, not the two ridge correctors;
on the cases we report the resulting difference in the rescaled weights is numerically immaterial.
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convex weights and penalizes exposed mass more aggressively, it delivers larger bias corrections, at a
pre-fit cost that depends on how the geometry is relaxed and on the loss of the convex-combination
interpretation that classical SC trades for transparency (Abadie & L’Hour, Ben-Michael et al.,
Doudchenko & Imbens, .

Taken together, these replications show how the proposed workflow operates end to end. Coverage
is a prerequisite for learning about interference; once near, mid, and far donors are present, the ring
diagnostic can flag spillovers; and when interference is detected, proximity-aware corrections act on
the exposed-donor weight mass identified in Theorem [I] and substantially change the substantive
conclusions. The magnitude of correction and the pre-period fit cost depend on how far the corrector
relaxes the simplex and how aggressively it penalizes exposed weight. In settings where donor pools
are discretionary or thin, expanding coverage is itself a design improvement that enables credible
diagnostics and targeted bias correction.

9 Practical Guidance

A researcher contemplating synthetic control in a setting where the treatment might spill onto
neighbors faces a sequence of decisions, each of which the preceding sections have addressed in
isolation. We gather them here into a single decision flow. The order is not incidental: each step
either licenses the next or settles the analysis, so that the workflow narrows from a design question
about the donor pool, to a diagnostic about whether SUTVA is at risk, to a choice among corrections
that is governed by how much the convex-combination interpretation is worth in the application at
hand.

The first question is whether the donor pool can support any of what follows. The ring diagnostic
of Section [3] adjudicates SUTVA by contrasting outcome changes in near and far rings, and the
corrections of Sections [AH6] route weight from exposed donors toward safer ones. Both presuppose
coverage: a pool with meaningful variation in distance, spanning near, mid, and far units relative
to the treated unit. Without it the diagnostic cannot compare rings and the corrections cannot
target an exposed band credibly, since there is no safer complement to absorb the displaced weight
(Assumption . As the replications in Section |8 make plain, a thin or single-band donor pool forces
the analysis to assume spillovers away rather than test for them; where coverage is discretionary,
expanding it is itself the first design improvement, not a preliminary to one.

With coverage in place, the diagnostic is cheap to run and exact in finite samples, which makes
it a natural pre-analysis check and a pre-registerable decision rule (Section . The researcher fixes
the ring boundaries, the window, and the contrast in advance, without reference to outcome data,
and reads the permutation p-value of . A large p-value across pre-specified windows is evidence
of no proximity-structured disturbance: standard synthetic control proceeds, and the matter is
closed. A small p-value signals that the treated unit sits at the center of an atypical near—far pattern,
so SUTVA should be treated as violated and the donors in proximal rings as carrying nonzero
exposure. In the bias decomposition of Theorem [1| this is the regime in which the exposed weight
mass » jes Wj is positive and the contamination term is active; the remaining decisions concern
how to suppress it.

The corrector choice is governed by how much the convex-combination interpretation is worth,
and we recommend escalating only as far as the application requires. Rescaling (Section {)) is the
natural starting point. It contracts the predictor columns of exposed donors, leaves the weights
on the simplex, and so allows the familiar synthetic-control diagnostics—pre-period fit, placebo-
in-space, weight sparsity—to transfer without adjustment; under the band-dominance condition
(Assumption [5]) it eliminates exposed mass entirely. Its one cost, pre-period fit degradation when the
pool lacks safe donors that span the relevant predictor directions, is read directly off the pre-period
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residuals. When rescaling materially degrades that fit, move to constrained ridge (Section , which
keeps the simplex and its interpretation but acts on the weights through an exposure-aligned /5
penalty, trading a continuous amount of pre-period fit for a continuous reduction in exposed mass
as A, selected by cross-validation on pre-treatment data, increases. Reserve the unconstrained ridge
(Section @ for the case in which neither simpler correction reduces bias without destroying fit.
Relaxing the simplex admits negative weights that can actively cancel contaminated donors and a
level shift that can absorb a baseline gap, at the price of the convex-combination interpretation; URX,
the predictor-targeted closed form, is the default, with URZ reported alongside it. Whatever the
corrector, report the diagnostic p-value, the pre-period fit at A = 0 and at the chosen specification,
and—when the simplex is relaxed—the fact that the convex-combination interpretation has been
given up in exchange for stronger bias control.

The workflow can be stated as a checklist.

1. Establish coverage. Confirm that the donor pool spans near, mid, and far units relative to
the treated unit. Without this gradient the ring diagnostic cannot adjudicate SUTVA and the
corrections have no safer complement to target (Assumption . Where coverage is thin and
discretionary, expand the donor pool first; this is itself a design improvement (Section .

2. Run the ring diagnostic. Pre-specify ring boundaries, windows, and the near—far contrast
without reference to outcomes, and compute the finite-sample exact permutation p-value of
(Section . The check is cheap and pre-registerable.

3. Read the verdict. A large p-value gives no evidence of a proximity-structured disturbance—
proceed with standard synthetic control. A small p-value indicates active contamination
(>_jeg wj > 0 in Theorem —move to a correction.

4. Choose the corrector by escalation.

(a) Start with rescaling (Section : simplex-preserving, diagnostics transfer, exposed mass
eliminated under band dominance (Assumption .

(b) If rescaling materially degrades pre-period fit, use constrained ridge (Section [5|) and tune
A by cross-validation on the pre-treatment period; this retains the simplex while trading
fit for exposed-mass reduction.

(¢) Reserve unconstrained ridge (Section [, URX default) for when neither simpler correction
reduces bias without destroying fit, reporting that the convex-combination interpretation
has been relaxed.

5. Report transparently. State the diagnostic p-value, the pre-period fit for each specification
considered, and the interpretation trade-off accepted by the corrector chosen.

10 Conclusion

SUTVA is indispensable for causal inference designs, and it is particularly consequential for Synthetic
Control methods because post-treatment donor outcomes enter the counterfactual directly. We
formalized this channel via a bias decomposition in which contamination operates through the
exposed weight share: the estimator differs from the target by a term proportional to > ; PjW;- This
channel is mechanical: once positively weighted donors are exposed, bias follows, and it motivates
both diagnosis and design modifications that act on the SCM weights.

We proposed a design-based diagnostic that tests for proximity-patterned outcome changes
around the treated unit using ring partitions and Fisherian randomization inference. The test is
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exact in finite samples under the sharp null and offers a pre-analysis decision rule: proceed with
standard SC when proximity patterns are not detected; otherwise, treat SUTVA as violated and
modify the design. The diagnostic requires coverage across distance rings, as without near—-mid—far
donors, power is limited and SUTVA violations cannot be properly assessed.

We then introduced three interference-aware adjustments that incorporate an exogenous exposure
map into SC while tuning only on pre-period data. Cowvariate rescaling contracts high-risk donor
columns, leaving weights on the simplex; under a mild coverage condition, the exposed mass cannot
increase. Constrained ridge preserves the convex-combination interpretation but adds an exposure-
aligned ¢s penalty; KKT geometry implies bandwise dominance, so total weight on exposed donors
weakly (and often strictly) falls. Unconstrained ridge relaxes the simplex, allows negative weights
and level shifts, and penalizes via an exposure-weighted norm; a simple Cauchy—Schwarz argument
and ridge-path monotonicity deliver a tuning-monotone envelope for the contamination term.

Simulations corroborate these mechanisms. Baseline SC exhibits attenuation that scales linearly
with spillover intensity, as Theorem |1| predicts; constrained ridge shrinks this attenuation along the
envelope of Theorem [3} rescaling reduces bias by a factor of five to six relative to baseline; and the
unconstrained ridge estimators track the oracle closely in bias, with the predictor-targeted variant
(URX) delivering RMSE at or below the oracle in the Baseline and Heterogeneous DGPs and within
0.02 of the oracle under a latent-factor donor pool. The rankings are robust to magnitude- and
family-misspecification of the reach map and survive a sharp-cutoff alternative to the logistic; only a
non-monotone reach, which lies outside the framework’s structural premise, erases the contamination
channel the corrections target.

Replications illustrate the workflow. Applied to the original donor pools in Abadie and Gardeaz-
abal , Ben-Michael et al. , Abadie et al. , and Kikuta , the ring diagnostic
does not reject at conventional levels, consistent with either SUTVA or with donor pools whose
spatial structure is too thin to adjudicate it. Expanding the Abadie et al. design to a broad,
data-complete donor pool restores coverage and yields a detected proximity pattern (p = 0.017).
The corrections then move the estimate in directions consistent with their geometry, tracing the
trade-off between simplex relaxation and penalty scale: covariate rescaling magnifies the response by
reshaping the feasible simplex but at a substantial pre-fit cost, constrained ridge attenuates toward
zero while preserving baseline pre-fit, and the two unconstrained ridge variants deliver the largest
bias corrections. URZ (the Z-scale variant) also tightens pre-period fit below baseline. URX (the
X-scale variant), the closed form of Section |§|, produces a smaller but still substantial correction.
The package-level message is that the magnitude of correction, and whether pre-fit improves or
deteriorates, is determined jointly by how much each corrector relaxes the convex-combination
constraint and how aggressively it penalizes exposed weight mass.

Section [J distills these results into an explicit decision workflow for applied practice—{rom
establishing donor-pool coverage, to running the diagnostic, to escalating through the corrections
only as far as the application requires.

Two qualifications delimit the scope of what we have established. Diagnostic power depends on
coverage, so thin or discretionary donor pools limit what the test can say about SUTVA; the decision
to expand coverage is itself a design choice whose cost and feasibility are application-specific. Design
guarantees rely on an exogenous exposure map aligned with the actual channels of spillover, and while
our simulations indicate that performance is robust to magnitude and family misspecification of the
reach, it is not robust to non-monotone reach — a case we treat as outside the framework’s scope and
that future work could diagnose through a two-sided contrast in the ring test. Natural extensions
include constructing reach from auxiliary mobility, trade, or network data under monotonicity
constraints, and developing inference for the corrected estimators along the lines of Cattaneo et al.
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(2021) and Chernozhukov et al. . The broader contribution is to recast interference handling in
synthetic control as a geometric design problem: the contamination channel is the weight placed on
exposed donors, the diagnostic decides whether that channel is active, and the corrections reshape
it directly. This preserves the transparency and pre-period discipline that make SC useful, while
addressing the vulnerability that comes with placing concentrated weight on donors chosen for the
very similarities that make them likely to be exposed.
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Notation

The paper uses a single set of symbols consistently. Tables [7] and [§ collect the notation introduced
across the setup, detection, rescaling, and ridge sections. A reader can return to these tables as a
reference throughout.

Table 7: Notation used throughout Sections (Part 1 of 2).

Symbol

Meaning

First used

Units, time, and outcomes

i

Unit index; ¢ = 1 is the treated unit, ¢ € {2,...,J + 1} are donors
Donor set, 7 C{2,...,J+1}; J = |T|

Time index; intervention time

Potential outcome for unit ¢ at time ¢ under assignment vector z €
{O, 1}J+1

Observed outcome; equals Yi¢(z) at the realized z

No-treatment potential outcome (no direct treatment, no indirect
exposure)

Direct treatment effect at time ¢: Y5> = Y1:(0) + 7+

Spillover intensity for donor j, p; € [0,1]; p; = p in the homogeneous
case

General (not necessarily proportional) spillover on donor j at time ¢

Ezxposure and the set partition

Exposed set: donors for which Y} = Y;,(0) + p; 7
Safe set: donors for which Y5> = Y;4(0)

J
Donor-specific covering set: subset of 7 \ {m} used in the donor-
level dominance assumption (§4). Under the band-dominance special-
ization, C(m) C S.

Set of all units, U = {1,...,J + 1}

Synthetic control estimator

J

t, To
Yie(z)
Yieh
Yi(0)

Tt

Pj

6jt

ECT
S=T\¢&
C(m)

U

X, € RX
XO c RKXJ
1%

w e Ay
Yi39(0)

Tt

Treated unit’s pre-treatment predictor vector (K predictors)

Donor predictor matrix; column j is X. ;

K x K diagonal importance matrix, V > 0

SCM weight vector; Ay = {w>0:1"w =1}

SUTVA synthetic counterfactual, > ; w;Y;¢(0)

SCM estimator of the treatment effect at time ¢: & = Y5> —

. y/obs
Zjej w; Y

[N DOF BOF BOF DO

(V]

] )

[N

'S N IS
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Table 8: Notation used throughout Sections (Part 2 of 2).

Symbol Meaning First used
Detection diagnostic (ﬁ)
x(d; 0) Exposure kernel (nonincreasing in distance d); 6 collects kernel param-  §3
eters
Ve Logistic steepness parameter (Appendix . Distinct from the expo-
sure kernel k(-;0) above.
dij Distance (geographic or network) between units ¢ and j
Ei Scalar exposure of unit ¢ at time t: E;z = Zj K(dij; 0) 25t
K, Ring count in the detection diagnostic (renamed from K in §3 to avoid
collision with the predictor count K of §2)
rip € {1,...,K;} Ring index of donor ¢ with center p; boundaries 0 = ¢p < - -+ < ¢k,
Ap, By Proximal and distal donor groups around center p (4, U B, =U \ {p})
Aﬁ“’) Outcome-change statistic: ﬁfg’gst — ﬁfwr)e (window w)
) Two-sample t-statistic contrasting AS‘? and Ag‘;)
Reach map, rescaling, and ridge (@
f:RL—(0,1) Reach map: continuous, strictly increasing in distance to the treated
unit
djn Distance from donor j to the treated unit (¢ = 1); the (j,1) entry of
the distance matrix {d;;}
n; = f(dj1) Safety score of donor j: larger n; indicates lower exposure risk
n=(m,...,ns)"  Vector of safety scores; used in the rescaled donor matrix X; =
Xo diag(n)
¥; = g(ny) Exposure-aligned penalty weight; g strictly decreasing® )
P, P 9 = inf; v); and P = sup; ¥;; bounds on the penalty schedule bl
95 minjeg 9;; lower bound on the penalty over the exposed band 5|
Dy J x J diagonal matrix diag(¢1,...,%) )
X0 Rescaled donor matrix Xo diag(n) 4
A>0 Ridge tuning parameter )
w° Unpenalized SCM minimizer over Ay (baseline) 4
w* Rescaled-SCM minimizer (diag-n contraction), on A 4
wOFH ™ Constrained-ridge minimizer at tuning A on A ;® 5
w O Unconstrained-ridge minimizer at tuning A over R”? 36|
o, Cx Exposed weight mass under baseline (co = >, wj) and under con- 5
strained ridge (cx = 37, ¢ w;-A))

#1p; denotes the exposure-aligned penalty schedule throughout; it should not be confused with influence-
function notation in the semiparametric literature. See footnote at first use in §5

® The appendix proofs of Theorems |3| and [4] retain the equivalent parenthesized-argument forms w
and wY%()); these denote the same mathematical objects.

Conventions. Calligraphic letters (£,S,J,U,C(m)) denote sets of units. Unadorned S always
denotes the safe set J \ &; the donor-specific covering set in the dominance arguments of §4| carries
an explicit donor argument, C(m). Hats (7;) denote estimators; stars (w*), circles (w®), and tuning-
indexed superscripts (wCR’()‘), wUR’()‘)) distinguish minimizers across the four weight problems
considered.
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A.1 Proofs of Theorem |1/ and Corollary

THEOREM [1| (BiAs oF SCM UNDER LOCALIZED SPILLOVERS, RESTATED). Fort > Ty, the SCM
estimator based on observed donors satisfies

A SC
Tt = [Ylt(o) - Y5 (0)] + T — Tthjwj
i je€
SUTVA synthetic mismatch direct effect J

contamination mass

In particular, if Y{3¢(0) = Y1,(0) (the SUTVA synthetic counterfactual coincides with the treated
unit’s no-treatment path at t), then

T = Tt — thpjwj-
JjEE
Setting. Throughout this proof: (Al) fix a post-treatment period ¢ > Tp; (A2) the weights
w = (wj)jeg satisfy wj > 0 and >, 7 w; = 1; (A3) the interference set is £ C J (donors exposed to
spillovers in post-periods), and for j ¢ &, Yj‘zbs =Yj+(0); (A4) the diffusion intensities (p;);ce satisfy
p;j € [0,1] and are time-homogeneous, and for j € &, Yﬁbs = Y;:(0) + pj 7¢; (A5) the treated unit
satisfies Y{3** = Y1,(0) + 7¢; (A6) the SUTVA synthetic target (the no-interference counterfactual) is
YEO(0) 1= Y e wy Ve 0).

Proof of Theorem [Il. The proof is a direct substitution argument: insert the observed outcomes

of the treated unit and of each donor into the definition of the SCM estimator, split the donor sum by

exposure status, and re-aggregate the baseline donor terms into the SUTVA synthetic counterfactual.
By definition of the SCM post-period effect,

A obs _yrobs
T = Yy — E wy th .
JjeTJ

Substituting the treated unit’s observed outcome from (A5) gives

7= (Yie(0) +7) = > w; VP
JjeJ
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Splitting the donor sum over the partition J = £ U (J \ €) and then substituting the donors’
observed outcomes by exposure status,

7= (Y1e(0) + 7) Z wj Y%bs Z wj YObS [split by exposure status|

je€ JjeET\E

= (Yie(0) +7) — > wy (Vie(0) +p57m) — D> w;j¥;u(0)  [by (A3)~(Ad)]
Jje& JjeI\E

= (th + Tt Zw] 5t(0) — 1 ij wj — Z w; Y;:(0) [linearity of the sum]

jEE jEE JET\E

= (Ylt + Tt Z w; Y (0) — 7 Z pj w;j [combine the two baseline sums].

JET je&

Introducing the SUTVA synthetic counterfactual Y;3¢(0) = 3. jeg w; Yji(0) from (A6) and rearrang-
ing,

7= (Yi(0) = YEC(0) + 7 — = > pjw;.

JjEE
Labeling the three terms yields the decomposition
7/;,5 = (}/It (O) — YlstC(O)) -+ Tt — Tt Z p]w] s
SUTVA synthetic mismatch direct effect \ jee ,

contamination mass

which is . The special case @ follows by setting the mismatch term to zero, that is, Ylstc (0) =
Y1:(0). O

COROLLARY |[1| (SIGN, ATTENUATION, AND SCALE, RESTATED). Suppose Y3¢(0) = Y1,(0) and
€ [0,1] for all j € £. Then:

1. (Sign/attenuation) If Zjeg pjwj >0 and 7, > 0, then Ty < 1¢; if Zjeg pjwj >0 and 7, <0,
then 7 > 7¢. That is, positive weights on exposed donors attenuate estimated effects toward
Z€ero0.

2. (Monotonicity in exposure) Holding 7 fized, |7, — 7¢| is nondecreasing in each p; and in the
exposed weight mass Zjeg w;j. More intense or more widespread spillovers cannot reduce bias.

3. (Bounds) Because 0 < p; <1 and w € A, the distortion satisfies 0 < |7y — | < |7|. The
upper bound is attained only if the entire weight is placed on fully exposed donors (pj =1 for
all j with w; > 0).

Proof of Corollary [1} All three parts follow from the special case @, which gives
T — Ty = —Tthjwj.
JjEE

Part (i) (sign/attenuation). Since p; > 0 and w; > 0, the sum ), ¢ pjw; is nonnegative, and
therefore
sign(7y — 7¢) = — sign(ry) whenever ijwj > 0.
Jje&

Hence, if 74 > 0 then 74 < 73; if 7+ < 0 then 74 > 7, which proves part (i).

48



Part (i1) (monotonicity). Taking absolute values in the first display and using nonnegativity,

|Te — | = |Tt"zpjwj‘

je&
Differentiating with respect to each intensity gives componentwise monotonicity in each p;,

0

— | =7 = ||lw; > 0.

a9, 7 — 7| = |m|w; >
For the exposed weight mass: holding the intensities p fixed, adding weight to any exposed coordinate
j € & increases Zjeé‘ pjw; at rate p; > 0, so any increase in the exposed weight mass Zjeg wj
obtained by raising exposed coordinates leaves the deviation |7; — 7| = |7| 3¢ pjw; unchanged or
larger. This proves part (ii).

Part (i) (bounds). Since p; € [0,1] and w € A,

0 S ijwj S Zl'w]’ S ij = 1.

jeE jeEE jeT
Multiplying through by |7/,

0 < [F—ml = Inl- > pjuw; < |nl,
jee

with equality at the upper bound only if Zjes pjw; = 1, i.e., only if all positive weight lies on
donors with p; = 1. This proves part (iii). O

A.2 Proof of Theorem

THEOREM (SUPPORT ELIMINATION AND EXPOSED-MASS DOMINANCE UNDER RESCALING, RE-
STATED). Let w® denote any minimizer of || X1 — Xowl||?: over Ay, and let X = Xo diag(n).

(C) If donor m satisfies Assumption and C’ondition holds for M = {m}, then the minimum of
X1 — XGw||2 over Ay is attained at a weight vector w* with w}, = 0. Moreover, w* is the unique
minimizer on the face Fiyy = {w € Ay @ wy = 0}. The flat direction induced by condition (iii)
may support additional global minimizers on Aj; any such minimizer maps to w* under the face
projection ¢ and achieves the same objective value.

(D) If the exposed band & satisfies Assumptz'on@ and Condition holds for M = &, then

Zw; =0 < Zw;’,

je& je&

with strict inequality whenever w,, > 0 for some m € £. Here w* denotes the unique minimizer on
Fg:{wGAJ:wm:()VmEE}.

Setting. Let n = (n1,...,m7)" with n; € (0,1), and define the rescaled donor matrix X7 :=
Xo diag(n) and the objective Q(w; Xo) = || X1 — Xow|? = (X1 — Xow) "V (X1 — Xow). Let w°
denote any minimizer of Q(w; Xy) over A, and let w* denote the unique face minimizer defined in
the theorem statement. Assumptions [4 and [ and Condition [I] are as given in the main text.

Proof of Theorem [2. The proof proceeds in three parts. Part A defines the rescaled quadratic
form Q(w; X{5) and establishes notation (H*, b*). Part C proves donor-level support elimination via
a face-achievability map that preserves the rescaled objective, then invokes face strict convexity for
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uniqueness. Part D lifts the donor-level result to band-level mass via composition of the individual
face maps. The part labels mirror the theorem statement’s own claim labels: Parts C and D establish
claims (C) and (D) of the theorem, respectively.

Part A (quadratic expansion). Write Q(w; X)) = [| X1 — Xjw|} = X VX; -2 Tw +
w' H*w where b* := X;TVX; and H* := X;'VX = 0. The gradient is V,,Q = 2(H*w — b*)
and the Hessian is V2,Q = 2H*, constant in w. The function Q is convex on A and the set of
minimizers over Ay is nonempty and convex.

Part C (donor-level support elimination).

Fix a donor m satisfying Assumption . Write ¢; := n; X _; for the rescaled columns (i.e., the
j-th column of X). By condition (iii), there exist v € Aje(py) With ¢ = dec(m) Ve Cp.

Conditions (i) and (ii) of Assumption {4] ensure that the covering set C(m) provides competitive
fit to the treated unit; the formal argument below uses condition (iii), which supplies the algebraic
structure for exact elimination.

Step 1 (Face achievability). For any w € Ay, define p(w) € R by:

p(w)m =0,  pw):=wetwnye (L€C(m)),  p(w)j:=w; (j ¢{m}UC(m)).

(If wy, = 0, then p(w) = w € F{,,y and the claims below hold trivially.)

Feasibility: Each coordinate of p(w) is a sum of nonnegatives, so p(w) > 0. Moreover,
1To(w) = (1 — wpn) + wm >tec(m) Ve = 1 since v € Ajcyy). Hence p(w) € Ay with o(w)m = 0, so
@(ﬂ» S Ek"ﬁ'

Identical rescaled fit:

Xgow)= > (we+wmy)ce+ Y. wig [definition of ¢ (w)]
teC(m) j¢{m}uc(m)
= [Xgw — Wi Cm ]| + W, Z Ye Co [regroup|
2eC(m)
= Xqw — Wiy, Cpy + Wiy ¢y = Xgw, [condition (iii)]

where the penultimate equality uses cp = 3 _ycc(m) Vece (condition (iii)). Therefore Q(p(w); X§) =
Qw; X7).

Step 2 (Global minimum on the face). For every w € Ay if wy, = 0 then w € F,y,y already; if
W > 0 then p(w) € Fi,y with Q(p(w)) = Q(w). In either case, ming,, , @ < Q(w). Taking the
infimum over A ;:

min < min < min
F{m}Q < mir Q < pin Q,

the right inequality because Fy,,y € A;. Hence ming, @ = minp ; Q.
Step 3 (Uniqueness on the face). By Condition (1| with M = {m}, @ is strictly convex on the

tangent space of FY(,,}; the minimizer w* on Fl,,; is therefore unique. Since w* € Fy,,;, we have
wj, = 0, which proves the donor-level claim (Part C of the theorem).

Part D (band-level exposed-mass dominance).
Assume & satisfies Assumption 5 every m € & satisfies Assumption {4 with C(m) C &°.

Step 1 (Compositional face projection). For each m € &, the map ¢y, from Part C redistributes
weight from m to C(m) C €€, leaving all other coordinates w,,, (m’ € £\ {m}) unchanged (because
m' ¢ {m} UC(m): m’ # m and m’ € £ while C(m) C £°). The maps therefore do not interfere with
each other’s source coordinates. (They may both add weight to the same donor ¢ € C(m)NC(m’); this
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is harmless since the fit-preservation identity X§om(u) = Xgu holds for any u € A, regardless of its
specific weights.) The composition ® := ¢, 0---0 Pmyg 18 therefore well-defined, order-independent,
and satisfies:

o(w) € Fg, Q(P(w); Xj5) = Q(w; Xg) for every w € Ay.

Step 2 (Conclusion). The same sandwich argument as in Part C gives ming, @ = mina, Q. By
Condition [l| with M = &, d" H*d > 0 for all nonzero d with d; =0 (j € £) and 17d = 0. Therefore
Q is strictly convex on Fg and the minimizer w* on Fg¢ is unique. Since w* € Fg, Zjeg w;‘-‘ = 0.
Weak inequality 0 < >° jes w}? is immediate from w® > 0. Strict inequality holds whenever w;, > 0
for some m € £, which proves the band-level claim. O

A.3 Proof of Theorem

THEOREM (BIAS CONTROL UNDER CONSTRAINED RIDGE, RESTATED). Let w(®) solve ming,ecna , || X1—
X0w||%/ and let wN solve [22) with \ > 0. Let e = minjeg 1p; > 0. Under Assumptions@ ﬂ and

8

1/2 1/2
ID2w™s < 1Dy w2,

and therefore the exposed weight mass satisfies

—1/2
Sl < VIE(w,) 2 IDY w® .

meé&

Under the localized spillover model, the bias envelope \%ER’(A)—TA < p|ml VIE| (%)71/2 HD}/Q w5

18 monincreasing in A, where wCE M)

superscripted form wCH™)

of Section @

Setting. Fix X; € RE, Xy = [X 1,...,X j] € REX/ and V = diag(vy,...,vk) = 0. Let
n; € (0,1), ¥; = g(n;), Dy = diag(¢,...,%y), and H := X VX, and define the penalized
objective

= wW) denotes the constrained-ridge minimizer (we adopt the
in the body for consistency with the unconstrained-ridge notation wVH™)

I(w) == || X1 — Xow||} + Azij]z = (X1 — Xow) V(X1 — Xow) + Aw " Dyw.
J

The simplex constraints are collected in Ay := {w € RZ,: 1Tw = 1}. Let w(®) € argmingea, || X1—
Xowl||? and wM € arg mingea,; Jx(w) for A > 0 denote the unpenalized and constrained-ridge
minimizers, with fit residuals r® := Xow®™ — X7 and »©@ := X w(® — X;. Fix the more-exposed
band £ and the safer band § := £°. Assumptions [6] [7} and [§] are as given in the main text.
(Assumption [8is used in Part C only; the main results in Parts D-G require only Assumptions )

Proof of Theorem [3l. The proof proceeds in seven parts. Part A expands Jy and computes its
gradient and Hessian explicitly, fixing strict convexity; it isolates curvature and shows uniqueness.
Part B writes the KKT system and derives the identity (B.3): the directional derivative of Jy along
a feasible direction d at w® equals v Td; this converts “no feasible descent” into an algebraic
test. Part C builds a concrete “band-shift” direction d that moves mass from an exposed donor
m to the safer band S, verifies feasibility, and evaluates the derivative via KKT; it constructs the
canonical exposure-reducing move. Part D establishes that A\ — HDJ/ 2w |2 is nonincreasing on
[0,00) via a variational comparison of optimality inequalities. Part E converts the i-weighted
norm comparison (D.1) into a bias envelope on the exposed weight mass via Cauchy—Schwarz and
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band separation. Part F shows the strict inequality P(w®™) < P(w(®) when w® # w(© via a
strict-convexity contradiction argument. Part G collects the conclusions.

Part A (quadratic expansion and derivatives of J)). By definition of the penalized loss,
Ia(w) = (X1 — Xow) V(X1 — Xow) + Aw' Dyw.
Expanding the quadratic form, with H = XJ V Xo,
I(w) = X{ VX, —2(X, VX)) w+w" Ho 4+ Aw' Dyw.
Differentiating once and twice in w,
Vwa(w) = 2Hw —2X, VX1 4+ 2\Dyw,  V2J\(w) = 2H +2\D,, = H),

so the Hessian is constant in w, with the ridge adding curvature along the coordinate axes. By
Assumption (7| (A > 0 and Dy, >~ 0), Hy > 0, hence J) is strictly convex on R”: by the Weierstrass
theorem combined with strict convexity, a unique minimizer of .JJy on the convex set A exists.

Part B (KKT system and a key identity for directional derivatives). Introduce the
Lagrangian, with multipliers p € R for the sum constraint and v € Réo for nonnegativity,

Llw,,v) = Ja(w)+p(Tw—1) - w.
The KKT conditions at (w®™, u®), M) read

2HwN — 2XJVX) + 22ADyw® 4+ uM1 — v =0, [stationarity]

1Tw® =1, w® >0, [primal feasibility]
v >0, [dual feasibility]
VJ(.)‘)wJ(.)‘) =0 Vj. [complementary slackness|

Let d € R’ be any feasible direction with 17d = 0 and, for small € > 0, w® +ed e Ay; such a d is
a tangent direction preserving the simplex at first order. The directional derivative of the fit part
along d is

d

de

and the directional derivative of the penalty part is

X Xo(w™ +ed)|)? =2 (Xow™) — X1)TV(Xod) = 2rNTV Xod,

di OA(w(’\) + ed)TDw(w(’\) +ed) =2\ dTD¢w(A).
€ le=
Collecting both contributions,
d ) N7 D™
Tl (W'Y +ed) =2r™WV 'V Xod + 20 d" Dyw'™. (B.1)

An equivalent expression follows from the KKT system. Multiplying the stationarity condition by d,
d" (2Hw™ — 2X]VX; + 2ADyw™ + M1 — V) =0,
and expanding the inner products,

2d" Hw™ —2d" X VX1 +20d" Dyw™ + M 17d — N Tg = 0.
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Since 1'd = 0, the equality-constraint term drops:
2d" Hw™ - 2d" X VX1 +20d" Dyw™ —vMTd = 0.
Because H = X VX, we have d' Hw™ = (Xod) "V (Xow®); substituting this together with
Xow(’\) - X1 = r gives
2 (Xod) "V (Xow™ — X1) + 20d" Dyw™ — N Tg =0,
and rearranging to match (B.1),
2rNTV Xod + 20 d" Dyw™ = Mg, (B.2)

Combining (B.1) and (B.2) yields the exact KKT identity: the first-order change of the objective

equals the dual work on d,
d

dele=0

Since v > 0 and d’s signs depend on its components, (B.3) gives the exact first-order change
under the constraints.

Ty (W™ +ed) = N4, (B.3)

Part C (a band-shift direction and its sign at w"). Fix m € £ and choose a(™ € A
as in Assumption |8 a safer convex combination that covers m at first order. Define d € R’ by

dm = —1, dy = aém) (Les), d; = 0 otherwise,
the direction that moves mass off m and onto safer donors in §. Sum-to-one is preserved, since
1Td=-1+ o™ =0,
leS
(M)

and if wy,’ > 0 the step is feasible for small e: there exists ey > 0 such that w® + ed € Ay for all
€ € (0,€e0]. Applying (B.3) with this d,

d A NT (A (m) A
= e:OJA(w( ) +ed) = vV = ZVZ a, - v,
les
If wﬁﬁ\ ) > 0, complementary slackness on the active coordinate m gives Vr(,i‘ ) = 0, so
d N,
de e=OJ + €d Z

les

by dual feasibility and o™ > 0: there is no descent at the optimum. Therefore no feasible first-order
descent exists along d at w), consistent with optimality.

Part D (path monotonicity of the i-weighted norm on the simplex). Separate fit
and penalty: write L(w) := || X7 — Xow||} and P(w) := w' Dyw = ||D11/2w|]%, so that Jy(w) =
L(w) + AP(w). Pick 0 < A\; < Ag and let w; := w™*) and wy := w*?) be the minimizers of J,, and
Jy, over Ay (by convention, w® € arg ming , L is any fixed selection). Optimality of wy for Jy,
over Ay (with wy € A feasible) and optimality of wy for Jy, over Ay (with wy € A feasible) give
the two inequalities

L(wl) + /\1P(w1) < L(’U)Q) + )\1P(w2),
L(’IUQ) + )\QP(IUQ) < L(’U)l) + AgP(wl).
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Adding both and cancelling L(w;) 4+ L(ws) from the two sides,
)\1P(w1) + AQP('UJQ) < )\1P(w2) + /\QP(wl),

which rearranges to
(A2 = A1) (P(w1) — P(ws)) > 0.

Dividing by A2 — A1 > 0 gives P(wz) < P(w;), that is,
1/2 1/2
1D, 2wy < ||DY )]s, (D.1)

so the map A — DY?p™ 9 is nonincreasing on [0, 00).
(4

Part E (from (D.1) to a bias envelope). Restating (D.1) for the pair (A1, A2) = (0, ) in
explicit norm notation, with Dy, = diag(¢1,...,%7),

J J
AN 2 2
IDY2 w3 = S 0 (M) < Sy (w®)? = D2 @3 (E.1)
j=1 j=1

(N)

To bound the exposed mass Zme £ Wm
and apply Cauchy—Schwarz on &:

w™ = —1/2 /2, () < _1\1/2 w2 1/2'
Souwl) = w2 wlel) < (Y wnd) (X valwl)

me€ me& meé& meé&

. . —1/2  ,1/2
, rewrite each exposed coordinate as wy, = ¥m /2. m/ Win

Each factor is bounded in turn:

Z%;Ll < |5‘](%)71 [since 1y, 2@6 for m € £]

meé&

> (@) <

me& J

) (w§A))2 = HD}/2 w2 |[drop nonnegative S-terms|.

M-

1

Chaining the Cauchy—Schwarz step with these two factor bounds and with (E.1),

S wl < VIE () P ID 2wl < VIET (8,) T ID 0Ol (B2)

meé&

Translating to bias: under the localized spillover model with p € [0, 1], the bias decomposition of
Theorem (1| together with (E.2) gives

PN — 7| < plnl Yo W) < plnl VIET ()2 IDY? w2, (E.3)
me€

The right-hand side of (E.3) is controlled by (E.1): the constrained-ridge penalty norm HD}/ 2w |2

is at most the unpenalized value ||D11/ 2 w®o.

Part F (strict inequality when w® # w(®). Suppose for contradiction that P(w®) =
P(w©®). Optimality of w(® for L over A gives



while optimality of w® for Jy over A gives
Lw™N) + AP(wW) < Lw®) + AP(w®).

Substituting P(w™) = P(w(®) and cancelling AP from both sides of the second inequality yields
L(wW) < L(w®); squeezing from both directions, L(w®) = L(w®). Since both the fit and
penalty terms agree,

Ja(wMN) = LwM) + AP(wM) = Lw®) + AP(w ) = J, (w®).

But J), is strictly convex on Ay (Part A; Hy > 0 for A > 0). If w® # w©® both in Ay, strict
convexity at the midpoint gives

N (0)
J/\(wu);w(m) < I (w );—J,\(w ) _ J,\(w(’\)),
and the midpoint M belongs to A by convexity of the simplex (an average of nonnegative,
sum-to-one vectors). This contradicts the optimality of w® for Jy over Ay, since Jy would

achieve a strictly lower value at a feasible point. Therefore P(w™) # P(w(®); combined with
P(wW) < P(w®) from (D.1),

P®) < Pw®), ie, D) wMy < D) *wO]s.

By the same argument applied to Jy, with w™) in place of w(® | the inequality P(w@\z)) < P(wo‘l))
is strict whenever w*1) =+ w2 for 0 < Ay < Aa.

Part G (conclusion). Part D establishes that X\ — ||D11/ >wM||3 is nonincreasing on [0, )
(path monotonicity), by the variational comparison of optimality inequalities at any two penalty levels.
Part E converts the 1)-weighted norm comparison (D.1) into a bias envelope via Cauchy—Schwarz
and band separation, bounding the exposed mass by \/[€[(¢ g)*l/ QHD}/ *w©||,. Part F shows strict
inequality when w® = w(©) the generic case for A > 0, so the bias envelope tightens strictly.
Finally, the prefactors p |7 \/W(%)_lp multiplying ||D11/2 wM |3 in the bias envelope (E.3) do
not depend on A (they involve only the spillover intensity, the effect magnitude, the band size, and
the penalty floor on the band), so the path monotonicity from Part D transfers to the envelope: the
right-hand side of (E.3) is itself nonincreasing in A, as claimed in the theorem statement. O

A.4 Proof of Theorem

THEOREM (EXPOSURE—WEIGHTED UNCONSTRAINED RIDGE: BIAS ENVELOPE AND TUNING
MONOTONICITY, RESTATED). Let wVEX) solve (26) with A > 0 under the exposure-aligned schedule
in Assumption @ For any exposed set £ # () with g == minjeg 1h; > 0,

Sl B < g DYl RO,
jeE

and the map \ HD}/QMUR’(/\)HQ is nonincreasing with limy_, o ||D11/2wURv

under the localized, time-homogeneous model of Section |9 (Theorem ,

7 —n| < pinl VIETES P |ID P RO .

(>\)H2 = 0. Consequently,
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More generally, for any spillover profile {0¢}je7 (not necessarily nonnegative or supported on &),

S w6 < (D 6, 1Dy e RO,
J

where |]D;1/25t||2 = (ZJ 5]2.t/¢j)1/2. When § is supported on € (as in the localized model above),

||D;1/25t||2 < 951/2 |0¢ ¢||2, recovering the localized bound. Setting 6 = 1g in likewise recovers
the exposed-sum bound in the first display. Hence the right-hand side is nonincreasing in A and
vanishes as A — 0o.

Setting. Define the treated unit’s predictors, the donor matrix, and the positive-definite metric
as X1 € RE, X = [X 1,...,X j] € REXJ and V = diag(v1,...,vk) = 0. Set the reach scores,
exposure-aligned penalties, and diagonal penalty operator as n; € (0,1), ¥; = g(n;), and Dy, :=
diag(1,...,1y), with g strictly decreasing and bounded away from {0, 1}. The unconstrained ridge

1/2
1/ wlf3

problem is a fit term plus an exposure-weighted ridge penalty, J)(w) := || X1 — Xow||}, + A | D
with A > 0, and carries no simplex constraints: the feasible set is all of R’ (weights may be negative
and need not sum to one), enlarged relative to the standard SCM problem. Throughout the proof
we write wV(\) for the minimizer, the function-argument form of the body’s superscripted notation
wVE™) (the two denote the same object; see Section @ Assumptions @ @, and |3| are as given in
the main text; Assumption (ii) supplies the penalty bounds 0 < 3 <; < 1) < oo used in Parts C
and D. (Assumption [8is not invoked in this proof; the result requires only Assumptions @—m together
with Assumption [3])

Proof of Theorem [4l. The proof proceeds in four parts. Part A derives the normal equations
and the closed form wV#(\) = (X VX, + /\DQZ,)*lXOT V X1; it makes the program self-contained

and fixes notation for the spectral bounds. Part B proves the exposed-sum bound ‘ > jes wj} <
VIE] ygl/ 2 HD}/ 2w||2, which replaces mass arguments (invalid without the simplex) by a clean

¢y control aligned with exposure. Part C establishes ridge-path monotonicity, HD}/ 2wUR()\)HQ
nonincreasing in A and tending to zero as A — oo via a resolvent/spectral bound; this gives a
tuning parameter that uniformly shrinks the exposure-weighted norm. Part D translates these
ingredients into bias envelopes: the contamination p7; ) jes w]UR is bounded by a term that is (i)
nonincreasing in A and (ii) vanishing as A — oo; the general profile bound (UR.4) uses Dy-weighted
Cauchy—Schwarz over all donors to handle any spillover profile (not necessarily nonnegative or
supported on &), recovering the localized bound as a corollary when supp(d) C £.

Part A (normal equations and closed form, for completeness). Expanding the objective,
Ja(w) = (X1 — Xow) "V (X1 — Xow) + Mw' Dyw,
and differentiating term by term,
Va(w) = —2X] V(X1 — Xow) + 2ADyw.
Setting the gradient to zero (first-order optimality),
—2X, VX1 +2X] VXow + 2ADyw = 0,
which yields the normal equations

(Xy VXo+ ADy)w = XJ VX;.
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Since A > 0 and Dy, > 0, the matrix XOT V Xy + ADy is strictly positive definite (Assumption ,
hence invertible, and therefore

wB(\) = (X VX0 + ADy) "1 X, V Xy,

which is the closed form ([27)).

Part B (exposed-sum bound). Write wg for the restriction of w to the coordinates in £ and
1¢ for the all-ones vector on &, so that ’ Zjes wj‘ = llgwg‘. By Cauchy—Schwarz, and since the

Euclidean norm of 1¢ is 1/|€],

> wi| < el wellz = VIET gl

je&

Inserting the identity I = D;l/ 2D11/)/ % on the coordinates in € and applying the operator-norm

bound,
1/2

—1/2 ~1/2 - 1/2
lwell2 = || D, 2Dy *wel|, < 1D (lop.e Dy *well2-

The operator norm restricted to £ is computed explicitly: since D; 12 4 diagonal, its restriction to

the coordinates in £ is the diagonal matrix with entries 21)]-_1/2, j € &, and the operator norm of a
diagonal matrix equals its largest diagonal entry in absolute value, so

~1/2 B “2 (N2 ) o
||D¢ lop.e = I?g§(¢j = (gnelgwj) —ﬂg ) ﬁg = Ijnelgwj >0,
the largest singular value on £. Moreover, restriction cannot increase the norm:
1/2 1/2
1Dy “well2 < [ Dy “w]l2.

Combining the last two displays gives |Jwg||2 < %1/2 ||D11/2w\|2, and therefore the exposed sum is
controlled by the exposure-weighted ¢2 norm:

> w| < VIElw 2 D) ]l (UR.1)

je&

Part C (ridge path monotonicity). Separate fit and penalty: write J)(w) = L(w) + AP(w)
with L(w) := || X1 — Xow||?, and P(w) := ||Di/2wH§. Pick two tuning values 0 < A\ < A2 and set
wy = wYR(A\1), wo := wVR(N\g). Optimality of wy for Jy, and of wy for Jy, give

L(wi) + A P(w1)
L(wsz) + Ao P(w3)

< L(w2) + A\ P(wy),

< L(wy) + AP (wq).

Adding the two, the L terms cancel, (L(w1) — L(w2)) + (L(w2) — L(w1)) = 0, leaving
AMP(wy) + Ao P(wa) < A P(ws2) + AP (wy),

which rearranges to (A2 — A1) (P(wl) — P(wg)) > 0. Since Ay > Aq,

P(w) < P(wy) <= |D}*wUE)ll2 < DY wUE(\)l2, (UR.2)
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so the exposure-weighted norm is monotone nonincreasing in A. For the limit as A — oo, start from the
closed form wYE(\) = (X VX + ADy) 1 XJ VX;1. The spectral bound Amin(A + AB) > A Amin(B)
for A > 0, B > 0 gives

||(XJVXO+)\D1/})_1||op S vy <

and by submultiplicativity of the operator norm,
DY2wUB(\)|, < |DY? XJV X0+ ADy) Yop |IX0 VX
1Dy w™ (N2 < [[Dy " llop [[(Xg VX0 + ADy) ™ lop [|Xg VX1]l2

— 1
= \/; v | Xg VX1l — 0 as A — oo, (UR.3)

where 1) := max; ¢; < oo by Assumption (ii).

Part D (bias bounds under localized and aligned spillovers). Under localized, time-
homogeneous spillovers (Theorem , the contamination channel depends on the exposed sum:

ﬂUR()\) — T =—pT Z wyp‘()\).
jee&

Taking absolute values and applying (UR.1) with w = wV()),

RO =) = plnl | S wlF0)| < pinl VIETW Y2 D P RO,
je&

By (UR.2) and (UR.3), the right-hand side is nonincreasing in A and tends to 0 as A — oo (tuning
monotonicity and vanishing envelope).

For a general spillover profile {0;:} (not necessarily nonnegative or supported on &), write the
contamination term in inner-product notation and factor through D, (valid since 1p; > 0 for all j

by Assumption [3(ii)):

Sl de = (B 6 = (DR, DI 6.
j

Cauchy-Schwarz in R” then gives

‘ S Wl 5jt( < D525, |DY? w R | ,. (UR.4)
J

When ¢ is supported on &, the first factor satisfies

-1/2 1/2 _
1D 250lle = (D2 0% /ws) < 02 ol
je€
because 1; > ¢, for j € &, so 1/¢; < 1/%5; this recovers the localized bound. Setting § = 1¢,

(UR.4) yields (UR.1), unifying Parts B and D, since [|D,"*1¢]|2 = (3 c¢ 1/05) /2 < /€] 42,
Hence the envelope is nonincreasing in A and vanishes as A — oo by (UR.2)—(UR.3): the factor
||D7;1/25t||2 is A-free, so the monotonicity and the limit are inherited from HD;meR()\)Hg. O
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A.5 Spatial reach mapping

To avoid any tuning on outcomes, we calibrate f from the empirical distribution of distances alone

using a logistic map,
1

1+ exp{—yx(d—c)}

Let dr, and dyy denote the (q,1 — q) quantiles of {d;1};-1 for a small ¢; we take ¢ = 0.025. Fix a
tail level € € (0,1/2); we take e = 0.025. Imposing f(dy) =€ and f(dy) = 1 — ¢ yields

fld) = (29)

dy +dy, 2 log(lg;s)
C= —F5 Vo = —QF3— ;-
2 dy —dp,

This anchors n; = f(d;,1) smoothly over (g,1 — ¢) so that proximate donors receive 1; near ¢ and
distant donors near 1 —e. We maintain n; € [¢,1 — ¢] for all donors to keep the optimization
well-posed.

In applied work, ¢ and v, can and should be calibrated with auxiliary information and domain
knowledge.

Examples include: (i) setting ¢ to a substantively meaningful distance (e.g., a commuting or
media-market radius) and choosing v, so that f halves over a prespecified range; (ii) mapping d to
network-path lengths derived from mobility /commuting matrices and anchoring (dy,, dy7) to empirical
percentiles of those effective distances; or (iii) selecting (¢, 7,) so that f matches a pre-specified
decay (e.g., half-life) suggested by prior studies of diffusion. In our simulations and applications, the
quantile-anchored defaults (g, e) = (0.025,0.025) provided stable behavior and transparent reporting
without outcome-based tuning.
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A.6 Reach calibration: quantile versus moment robustness

The reach map f(d) = [1 + exp{—~.(d — ¢)}] ! requires a location ¢ and a slope ,; Appendix
gives the quantile-anchoring formulas that fix both from the distance distribution alone. Our default
is the quantile-anchored calibration (Q). An alternative is moment-anchored calibration (M), which
targets the empirical mean and variance of distances instead of quantiles. Q) is our recommended
default because it is robust to heavy tails in the distance distribution and requires no parametric
assumption about its shape. This appendix documents that the leading conclusions do not depend
on which of the two is used; this is the sense in which the reach map need not be tuned finely.

The key calibration finding is that Q and M agree on every leading inferential conclusion: the
within-corrector difference in CRPS is at most 0.005 for Rescaling, URZ, and URX in every p cell,
and is below 0.005 for Constrained Ridge except at high p. Table [9 reports CRPS under Q) versus
M across the four corrections at 7 =4 and p € {0.1,0.3,0.6,0.9,1.0} on the Baseline DGP.

Table 9: Calibration Comparison: Quantile vs. Moment (7 = 4)

Rescaling Constr. Ridge Unconstr. Z Unconstr. X
p Q M Q M Q M Q M

0.1 0.040 0.038 0.029 0.027 0.012 0.011 0.008 0.008
0.3 0.049 0.048 0.080 0.075 0.014 0.014 0.010 0.010
0.6 0.067 0.068 0.156 0.147 0.018 0.017 0.014 0.013
0.9 0.087 0.091 0.231 0.217 0.021 0.020 0.018 0.016
1.0 0.093 0.098 0.256 0.241 0.022 0.021 0.019 0.018

Notes: Each column pair compares

CRPS under the quantile calibration (Q) of the reach parameter -y, versus the moment calibration (M) of the same
parameter, holding the corrector fixed. The implicit benchmark is the within-corrector comparison: Q vs. M for the
same corrector; bold marks the better calibration in each pair (ties, i.e., values that round to the same displayed digits,
are left unbolded). Cell entries are mean CRPS (Continuous Ranked Probability Score) across R = 1,000 replications;
lower is better. Rows index the spillover intensity p. Q-vs-M agreement indicates that reach-calibration is not the
leading source of error; disagreement signals that calibration choice affects downstream bias. Values are computed on
the Baseline DGP at 7 = 4; calibration results for the Heterogeneous and Factor Model DGPs appear in Tables

The within-corrector difference in CRPS exceeds 0.005 in three of twenty cells, all concentrated
in Constrained Ridge at p > 0.6, where Q underperforms M by 0.009-0.015 CRPS. URX, URZ,
and Rescaling agree Q-vs-M within 0.005 in every cell, and URX agrees within 0.002 with exact
agreement at p € {0.1,0.3}. The ordering of corrections is identical under Q and M throughout.
The robustness is structural: because the corrections target exposed mass and the exposed mass is
determined by the support of f, both calibrations place the same donors on the exposed band as
long as the reach is monotone in distance, which both preserve. Tables [I0HI2 give the per-DGP
expansions; the moment-anchored results for the Heterogeneous and Factor Model DGPs tell the
same story.

Figure |8 reports the M-calibrated counterpart to Figure [3} the two figures are visually indistin-
guishable in bias and agree to within simulation noise in RMSE, confirming the Q-vs-M invariance
documented above.
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Table 10: Calibration: Q vs. M, Baseline DGP

Rescaling Constr. Ridge Unconstr. Z Unconstr. X
TP Q M Q M Q M Q M

05 01 0.039 0.037 0.011 0.011 0.011 0.011 0.009 0.009
0.3 0.039 0.037 0.015 0.014 0.011 0.011 0.009 0.009
0.6 0.040 0.038 0.023 0.022 0.011 0.011 0.008 0.008
0.9 0.041 0.039 0.032 0.030 0.012 0.012 0.008 0.008
1.0 0.041 0.039 0.035 0.033 0.012 0.012 0.008 0.008

1.0 01 0039 0.037 0013 0013 0011 0011 0.008 0.008
0.3 0040 0.038 0.023 0.022 0.011 0.011 0.008 0.008
0.6 0.042 0.040 0.041 0.039 0012 0012 0.009 0.008
0.9 0045 0.044 0060 0.057 0.013 0.013 0.009 0.009 Notes: Each column pair
1.0 0046 0.045 0.067 0.063 0.013 0.013 0.009  0.009

4.0 01 0.040 0.038 0.029 0.027 0.012 0.011 0.008 0.008
0.3 0.049 0.048 0.080 0.075 0.014 0.014 0.010 0.010
0.6 0.067 0.068 0.156 0.147 0.018 0.017 0.014 0.013
0.9 0.087 0.091 0.231 0.217 0.021 0.020 0.018 0.016
1.0 0.093 0.098 0.256 0.241 0.022 0.021 0.019 0.018

70 01 0.043 0.041 0.047 0.045 0.012 0.012 0.009 0.009
0.3 0.062 0.063 0.137 0.129 0.017 0.016 0.013 0.012
0.6 0.096 0.102 0.268 0.252 0.023 0.022 0.020 0.018
0.9 0.132 0.142 0.397 0.374 0.029 0.028 0.027 0.025
1.0 0.143 0.156 0.440 0.414 0.031 0.030 0.030 0.027

compares CRPS under the quantile calibration (Q) of the reach parameter 7, versus the moment calibration (M) of
the same parameter, holding the corrector fixed. The implicit benchmark is the within-corrector comparison: Q vs. M
for the same corrector; bold marks the better calibration in each pair (ties, i.e., values that round to the same
displayed digits, are left unbolded). Cell entries are mean CRPS (Continuous Ranked Probability Score) across
R = 1,000 replications; lower is better. Each row is a (7, p) cell, with 7 the treatment effect and p the spillover
intensity. Q-vs-M agreement indicates that reach-calibration is not the leading source of error; disagreement signals
that calibration choice affects downstream bias. Values are computed on the Baseline DGP.
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Table 11: Calibration: @Q vs. M, Heterogeneous DGP

Rescaling Constr. Ridge Unconstr. Z Unconstr. X

T p Q M Q M Q M Q M

0.5 01 0.039 0.037 0.011 0.011 0.010 0.011 0.008 0.008
0.3 0.039 0.037 0.015 0.014 0.011 0.011 0.008 0.008
0.6 0.040 0.037 0.022 0.021 0.011 0.011 0.008 0.008
09 0.041 0.038 0.030 0.029 0.012 0.012 0.008 0.008
1.0 0.041 0.039 0.033 0.032 0.012 0.012 0.008 0.008

1.0 01 0039 0.037 0013 0013 0011 0011 0.008 0.008
0.3 0.040 0.037 0.022 0.021 0011 0.011 0.008 0.008
0.6 0.042 0.040 0.039 0.037 0012 0.012 0.008 0.008
0.9 0045 0.043 0058 0.055 0013 0.013 0.009 0.009 Notes: Each column pair
1.0 0.046 0.045 0.064 0.060 0.013 0.013 0.009 0.009

4.0 0.1 0.040 0.038 0.028 0.026 0.011 0.011 0.008 0.008
0.3 0.048 0.047 0.076 0.072 0.014 0.013 0.010 0.010
0.6 0.065 0.067 0.150 0.141 0.017 0.017 0.013 0.013
09 0.084 0.088 0.221 0.208 0.021 0.020 0.017 0.016
1.0 0.090 0.095 0.245 0.231 0.022 0.021 0.018 0.017

70 01 0.043 0.041 0.045 0.043 0.012 0.012 0.009 0.009
0.3 0.061 0.062 0.131 0.124 0.016 0.016 0.013 0.012
0.6 0.093 0.099 0.257 0.242 0.022 0.021 0.019 0.018
0.9 0.127 0.137 0.381 0.358 0.028 0.027 0.026 0.024
1.0 0.138 0.150 0421 0.396 0.030 0.029 0.029 0.026

compares CRPS under the quantile calibration (Q) of the reach parameter 7, versus the moment calibration (M) of
the same parameter, holding the corrector fixed. The implicit benchmark is the within-corrector comparison: Q vs. M
for the same corrector; bold marks the better calibration in each pair (ties, i.e., values that round to the same
displayed digits, are left unbolded). Cell entries are mean CRPS (Continuous Ranked Probability Score) across
R = 1,000 replications; lower is better. Each row is a (7, p) cell, with 7 the treatment effect and p the spillover
intensity. Q-vs-M agreement indicates that reach-calibration is not the leading source of error; disagreement signals
that calibration choice affects downstream bias. Values are computed on the Heterogeneous DGP.
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Table 12: Calibration: Q vs. M, Factor Model DGP

Rescaling Constr. Ridge Unconstr. Z Unconstr. X

T p Q M Q M Q M Q M

0.5 0.1 0.047 0.045 0.035 0.036 0.016 0.016 0.046 0.046
0.3 0.047 0.045 0.037 0.037 0.016 0.016 0.046 0.046
0.6 0.048 0.046 0.040 0.040 0.017 0.017 0.046 0.046
09 0.049 0.046 0.043 0.044 0.018 0.018 0.046 0.046
1.0 0.049 0.047 0.045 0.045 0.019 0.018 0.046 0.046

1.0 0.1 0047 0.045 0.036 0037 0016 0.016 0.046  0.046
0.3 0.048 0.046 0.040 0.040 0.017 0.017 0.046 0.046
0.6 0.049 0.047 0048 0048 0.019 0.019 0.046 0.046
0.9 0051 0.049 0058 0.058 0.022 0.021 0.046 0.046 Npes: Each column pair
1.0 0.052 0.050 0.062 0.061 0023 0.022 0.047 0.046

4.0 0.1 0.048 0.046 0.042 0.043 0.018 0.017 0.046 0.046
0.3 0.054 0.053 0.069 0.068 0.025 0.024 0.047 0.047
0.6 0.070 0.073 0.121 0.118 0.039 0.035 0.049 0.049
09 0.092 0.097 0.178 0.172 0.053 0.047 0.052 0.051
1.0 0.100 0.106 0.198 0.191 0.057 0.051 0.053 0.052

70 01 0.050 0.048 0.051 0.051 0.020 0.019 0.046 0.046
0.3 0.066 0.067 0.107r 0.105 0.035 0.032 0.049 0.048
0.6 0.104 0.110 0.207 0.200 0.060 0.053 0.053 0.052
0.9 0.145 0.157 0312 0.299 0.085 0.075 0.060 0.058
1.0 0.158 0.173 0.347 0.333 0.093 0.082 0.062 0.060

compares CRPS under the quantile calibration (Q) of the reach parameter 7, versus the moment calibration (M) of
the same parameter, holding the corrector fixed. The implicit benchmark is the within-corrector comparison: Q vs. M
for the same corrector; bold marks the better calibration in each pair (ties, i.e., values that round to the same
displayed digits, are left unbolded). Cell entries are mean CRPS (Continuous Ranked Probability Score) across
R = 1,000 replications; lower is better. Each row is a (7, p) cell, with 7 the treatment effect and p the spillover
intensity. Q-vs-M agreement indicates that reach-calibration is not the leading source of error; disagreement signals
that calibration choice affects downstream bias. Values are computed on the Factor Model DGP.
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Figure 8: Moment-calibrated counterpart to Figure |3; Bias (top) and RMSE (bottom) across the
three DGPs (columns) at 7 = 4, under the moment reach calibration (M).

Two conclusions follow. First, the reach map need not be pinned down precisely: fixing the logistic
slope by quantiles rather than moments leaves the corrector rankings, the bias and RMSE profiles,
and—outside the three Constrained-Ridge cells at high p noted above—every CRPS comparison
unchanged. Second, this is calibration-method invariance, established with the logistic reach family
held correct; it is a milder property than robustness to genuine misspecification of the reach—a
wrong slope, a dropped parametric family, or a non-monotone reach—which is the separate question
studied in the main text (Section [7.3).
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A.7 Ring geometry and mapping from continuous to discretized exposure scores

Figure A.1 illustrates the ring geometry (grid with concentric circles centered at the treated unit
(¢ = 1)) and the mapping from continuous distance d;; to discretized exposure scores s ~ k(d; 1;6).)
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A.8 Alternative rings contrast

P

P

(a) 2 vs 3 Contrast for Missouri, (b) 3 vs 4 Contrast for Missouri,
p = 0.9591 p = 0.5102041

Figure 9: Alternative contrasts
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A.9 Ring diagnostic across replication applications

Table [I3| reports the ring-based permutation test of Section [3] applied to each of the four canonical
designs revisited in Section |8 together with the expanded Abadie et al. donor pool. The test
statistic is the pooled-variance two-sample ¢-statistic contrasting the near ring against the outer
rings; p-values are finite-sample exact under the sharp null and are computed by permuting the
treated-unit identity over the J + 1 candidates in each donor pool. The reported p-values are the
weak definition p) = (1 4+ #{|t,| > |t1]})/(J 4+ 2). This is the conservative convention that counts
ties against the null, in contrast to the strong p-value that does not.

Table 13: Ring diagnostic for canonical synthetic-control applications

Application J+1 K  tens p-value Reject (o =0.05)?

Basque Country 16 3 0.99 0.556 X

West Germany (OECD, 1990) 16 3 0.68 0.389 X Notes: Near—far contrast
West Germany (expanded, 1990) 117 5 8.40 0.017 v

Kansas 47 5 1.20 0.327 X

DRC 22 3 1.10 0.667 X

(ring 1 vs rings 2..K, pooled-variance two-sample ¢-statistic) permuted over treated-unit identity;
P = (1+#{|tp| > [t1]})/(J 4 2); window = full (all pre vs all post). K is the number of quantile-defined rings; J+1
is the number of units in the donor pool. Script: verified/simulations/run_detection_only.R; seed: 20260407.

~

Because the ring partition is an analyst choice, the signal in the expanded German reunification
design is worth examining under alternative partitions. Table reports the test across K, €
{3,4,5,6,7} for the expanded Abadie et al. donor pool, which contains J = 117 donors plus
West Germany for a full permutation space of J + 2 = 119 units (the “118-country donor pool”
language used in the imported table captions refers to the 117 donors together with West Germany).
The test statistic grows monotonically with K, from 4.83 at K, = 3 to 8.51 at K, = 6, and the
p-value stabilizes at the discrete floor p = 2/(J 4 2) ~ 0.017 across every choice; the rejection is
therefore not an artifact of how the rings are drawn but reflects a near—far contrast that survives
any monotone refinement of the partition.

Table 14: Sensitivity of the ring diagnostic to num_bins (Germany Expanded, 118-country donor
pool)

num_ bins Ring sizes  tobs p-value Reject (o = 0.05)7

3 39,39,39 4.83 0.017 v

4 29,29,29,30  7.03 0.017 v Notes: The test stabilises at the discrete
5 24,23,23,23,24 840  0.017

6 20,19,19,20,19,20 &8.51 0.017 v

7 17,17,16,17,16,17,17 8.15 0.017 v

floor p = 2/119 =~ 0.017 across all K, indicating the near—far signal is not driven by any single bin choice.
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A.10 Sensitivity to reach misspecification: summary table

Table [15] is the summary companion to the sensitivity analysis of Section [7.3] It reports bias,

RMSE, and 95% confidence-interval coverage at the headline configuration 7 = 4, for the five

feasible estimators, under the correctly specified Baseline calibration together with the four reach-
misspecification scenarios (A: vy, doubled; B: v, halved; C: sharp cutoff; D: non-monotone reach),

across p € {0.3,0.6,0.9}. It condenses the same experiment that Figure |4 plots in the main text.

Table 15: Sensitivity to Reach () Misspecification (7 = 4)

p=0.3 p=20.6 p=09
Scenario Estimator Bias RMSE  Cov. Bias RMSE  Cov. Bias RMSE  Cov.
Baseline Standard SCM -0.201 0.348 0.905 -0.423 0.671 0.888 -0.635 0.962 0.871
Rescaling -0.048 0.398 0.934 -0.114 0.428 0.940 -0.127 0.473 0.945
Constrained Ridge -0.159 0.312 0.923 -0.323 0.578 0.917 -0.481 0.792 0.905
Unconstrained Z 0.004 0.208 0.958  0.005 0.417 0.943 -0.008 0.661 0.949
Unconstrained X -0.001 0.045 0.950 0.001 0.069 0.944 -0.002 0.100 0.938
Ay X2 Standard SCM -0.208 0.390 0.901 -0.402 0.627 0.879 -0.598 0.925 0.880
Rescaling -0.049 0.406 0.937 -0.101 0.405 0.942 -0.164 0.449 0.941
Constrained Ridge -0.151 0.358 0.923 -0.302 0.531 0.910 -0.431 0.756  0.920
Unconstrained Z 0.003 0.272 0.946 -0.013 0.510 0.946 0.006 0.630 0.946
Unconstrained X -0.002 0.107 0.930 0.003 0.199 0.934 0.001 0.293 0.932
B: 4. x 0.5 Standard SCM -0.208 0.364 0.902 -0.388 0.607 0.879 -0.625 0.933 0.872
Rescaling -0.041 0.383 0.941 -0.098 0.429 0.934 -0.161 0.488 0.934
Constrained Ridge -0.171 0.323 0.927 -0.312 0.508 0.913 -0.509 0.790 0.908
Unconstrained Z 0.016 0.215 0.953 -0.005 0.411 0.947 0.041 0.672 0.948
Unconstrained X 0.001 0.066 0.937 -0.001 0.119 0.936  0.009 0.184 0.943
C: Sharp cutoff Standard SCM -0.099 0.293 0.937 -0.226 0.447 0915 -0.311 0.647 0.931
Rescaling -0.044 0.406 0.936 -0.056 0.381 0.936 -0.082 0.440 0.946
Constrained Ridge -0.077 0.278 0.942 -0.169 0.369 0.929 -0.222 0.532  0.950
Unconstrained Z 0.002 0.139 0.954  0.003 0.222 0.954 -0.009 0.391 0.958
Unconstrained X -0.002 0.040 0.951 -0.001 0.053 0.943  0.001 0.074 0.942
D: Non-monotone  Standard SCM 0.004 0.364 0.958  0.006 0.652 0.934 0.016 0.924 0.930
Rescaling 0.032 0.380 0.944 0.034 0.430 0.933  0.039 0.432 0.929
Constrained Ridge  0.007 0.319 0.958 0.011 0.543 0.936  0.034 0.735 0.918
Unconstrained Z 0.012 0.236  0.958 0.014 0.453 0.954 0.017 0.755 0.946
Unconstrained X -0.002 0.054 0.946  0.000 0.091 0.946  0.007 0.128 0.951

Notes: Bias, RMSE, and 95% CI coverage under Baseline (correct «,.) plus four reach-calibration misspecification
scenarios (A-D). 7 = 4, R = 1,000 replications. A/B: multiplicative -, misspecification. C: true DGP uses binary
spillover (sharp cutoff). D: non-monotone spillover. Nominal coverage = 0.95. T cells with fewer than 900 valid
replications (of 1,000).

The per-cell expansion of this summary across the full 7 x p grid is given by Tables in the
next subsection (Appendix Group C); the present table fixes 7 = 4 and the three-point p grid
used in the main-text narrative.
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A.11 Full simulation tables

This appendix collects the full per-cell simulation grids and the detection-test placebo-skip audit.
The material is organized into five groups: per-DGP performance grids, calibration comparisons,
sensitivity to reach misspecification, pre-period and tuning diagnostics, and detection diagnostics.

Group A: per-DGP performance grids

Tables report the full performance grid across all three DGPs, all three values of 7 € {1,4,7},
and all five values of p € {0.1,0.3,0.6,0.9,1.0}. Each DGP spans two tables (split ©_a’ / *_b’) to
keep the column count tractable. The Oracle and a trimmed-donor variant (see Appendix are
reported alongside the five feasible estimators shown in the main text.

Group B: calibration comparisons

The Q-vs-M reach-calibration comparisons—the CRPS grids and the moment-calibrated performance
figure—are collected in Appendix

Group C: sensitivity to reach misspecification
Tables extend the summary table (Appendix Table across the full 7 x p grid.
Group D: pre-period fit and tuning diagnostics

Table[24] reports pre-treatment RMSE — a fit-quality complement to the post-treatment performance
metrics in the main text. Table 25| reports the distribution of cross-validated A for the three ridge
corrections, providing a direct view of where the CV optimum sits on the tuning grid.

Group E: detection diagnostics

Table [26] extends the detection-rate grid of Table [4] across the three DGPs. Table [27] reports the
per-state, per-K,. frequency of placebo permutations that are skipped because a required ring is
empty for the placebo assignment; the skip rate is at most 4.2% in our simulation and is reported
transparently for audit.

A.12 Trimming as a baseline

Trimming — dropping all donors flagged as exposed before estimating — is the simplest exposure-
aware alternative to the corrections developed in Sections[dHg] and a reasonable robustness benchmark.
We do not recommend it as a production method, for four reasons detailed below. We do not report
CRPS for Trimming because the trimmed-donor reference distribution is constructed on a different
(smaller) donor pool and is not directly comparable to the CRPS computed on the full pool for the
other estimators.

The four reasons share a common root: Trimming acts on a hard partition of the donor pool, and
that partition is neither observable nor stable. The first difficulty is that researchers would need to
know exactly which units to drop. In applied settings, exposure is inferred from an estimated reach
map; donor-level exposure flags are themselves estimates, not observables. Trimming treats these
estimates as if they were known, so mis-specification of the reach map cascades directly into the
trimmed donor pool: a donor whose true exposure is 0.4 but whose estimated 7); would push it onto
the trim list is silently dropped, with no recourse through the post-period diagnostics. The partition
is also fragile, because Trimming imposes a binary cutoff on the continuous safety score n;. We use a
single calibrated cutoff in our simulations, but different cutoffs yield different performance, whereas
the reach-based correctors of Sections use 7; continuously and carry no threshold decision.
Forcing that cutoff discards usable information: donors with partial exposure (1; ~ 0.4-0.6) carry
real signal about the treated unit’s factor structure, sharing covariate distributions, latent loadings,
and outcome trends with the treated unit. Trimming discards this signal entirely, while URX retains
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Table 23: Sensitivity to Reach (,): Full Diagnostics, p = 0.9 (1 = 4)

p=09
Scenario Estimator Bias RMSE Cov. Pre-RMSE X Exp. Mass
Baseline Standard SCM -0.635 0.962 0.871 0.151 — 0.000
Rescaling -0.127 0.473 0.945 0.281 — 0.000
Constrained Ridge -0.481 0.792  0.905 0.151 0.223 0.000
Unconstrained Z -0.008 0.661 0.949 0.074 0.530 0.000
Unconstrained X -0.002 0.100 0.938 0.108 0.497 0.000
A: vy, X2 Standard SCM -0.598 0.925 0.880 0.144 — 0.000
Rescaling -0.164 0.449 0.941 0.245 — 0.000
Constrained Ridge -0.431 0.756  0.920 0.145 0.184 0.000
Unconstrained Z 0.006 0.630 0.946 0.072 0.676 0.000
Unconstrained X 0.001 0.293 0.932 0.102 0.108 0.000
B: v, x 0.5 Standard SCM -0.625 0.933 0.872 0.154 — 0.000 Notes:
Rescaling -0.161 0.488 0.934 0.293 — 0.000
Constrained Ridge -0.509 0.790  0.908 0.152 0.246 0.000
Unconstrained Z 0.041 0.672 0.948 0.071  0.510 0.000
Unconstrained X 0.009 0.184 0.943 0.101  0.501 0.000
C: Sharp cutoff Standard SCM -0.311 0.647 0.931 0.150 — 0.000
Rescaling -0.082 0.440 0.946 0.277 — 0.000
Constrained Ridge -0.222 0.532  0.950 0.147 0.220 0.000
Unconstrained Z -0.009 0.391 0.958 0.073  0.487 0.000
Unconstrained X 0.001 0.074  0.942 0.107 0.465 0.000
D: Non-monotone Standard SCM 0.016 0.924 0.930 0.138 — 0.000
Rescaling 0.039 0.432 0.929 0.267 — 0.000
Constrained Ridge  0.034 0.735 0.918 0.136 0.214 0.000
Unconstrained Z 0.017 0.755  0.946 0.072 0.508 0.000
Unconstrained X 0.007 0.128 0.951 0.107 0477 0.000

Full diagnostics under Baseline (correct v, ) plus four reach-calibration misspecification scenarios (A-D). Shown:
p €{0.9}. 7 =4, R = 1,000 replications. Cov. = empirical 95% CI coverage rate (nominal 0.95). Pre-RMSE = mean
pre-treatment RMSE of fitted synthetic control. A = mean selected regularization parameter; shown as — for
Standard SCM and Rescaling (no A penalty). Exp. Mass = mean fraction of SCM weight on exposed (neighboring)
donors. See Table [22f for the remaining p values. T: cells with fewer than 900 valid replications (of 1,000).
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Table 24: Mean Pre-Treatment RMSE (7 = 4)

DGP p Standard Rescaling Constr. Ridge Unconstr. Z Unconstr. X  Trimming
Baseline 0.1 0.138 0.265 0.136 0.074 0.108 0.152
0.3 0.138 0.265 0.136 0.074 0.108 0.152
0.6 0.138 0.265 0.136 0.074 0.108 0.152
0.9 0.138 0.265 0.136 0.074 0.108 0.152
1.0 0.138 0.265 0.136 0.074 0.108 0.152
Heterogeneous 0.1 0.138 0.265 0.136 0.074 0.108 0.152
0.3 0.138 0.265 0.136 0.074 0.108 0.152  Notes:
0.6 0.138 0.265 0.136 0.074 0.108 0.152
0.9 0.138 0.265 0.136 0.074 0.108 0.152
1.0 0.138 0.265 0.136 0.074 0.108 0.152
Factor Model 0.1 0.338 0.367 0.286 0.063 0.363 0.344
0.3 0.338 0.367 0.286 0.063 0.363 0.344
0.6 0.338 0.367 0.286 0.063 0.363 0.344
0.9 0.338 0.367 0.286 0.063 0.363 0.344
1.0 0.338 0.367 0.286 0.063 0.363 0.344

Mean pre-treatment RMSE of the fitted synthetic control, averaged across R = 1,000 replications. 7 = 4, quantile
calibration for all corrections. Comparable pre-RMSE across estimators confirms that corrections preserve pre-period
fit while reducing post-period bias. Pre-treatment RMSE is invariant to p because interference affects only the
post-treatment period. : cells with fewer than 900 valid replications (of 1,000).

Table 25: Mean Selected Regularization A (7 = 4)

Constr. Ridge  Unconstr. Z  Unconstr. X
DGP p Q M Q M Q M

Baseline 0.1 0.224 0.228 0.521 0.520 0.453 0.447
0.3 0.224 0.228 0.521 0.520 0.453 0.447
0.6 0.224 0.228 0.521 0.520 0.453 0.447
0.9 0.224 0.228 0.521 0.520 0.453 0.447
1.0 0.224 0.228 0.521 0.520 0.453 0.447

Heterogeneous 0.1 0.224 0.228 0.521 0.520 0.453 0.447
0.3 0.224 0.228 0.521 0.520 0.453 0.447
0.6 0.224 0.228 0.521 0.520 0.453 0.447
0.9 0.224 0.228 0.521 0.520 0.453 0.447
1.0 0.224 0.228 0.521 0.520 0.453 0.447

Factor Model 0.1 0.362 0.365 0.280 0.286 0.367 0.337
0.3 0.362 0365 0.280 0.286 0.367 0.337
0.6 0.362 0.365 0.280 0.286 0.367 0.337
09 0.362 0365 0.280 0.286 0.367 0.337
1.0 0362 0.365 0.280 0.286 0.367 0.337

Notes: Mean selected regularization

parameter X for ridge-penalized corrections at 7 = 4, R = 1,000 replications. Q = quantile calibration; M = moment

calibration. Standard SCM and Rescaling have no A penalty and are omitted. Values are invariant across p within

each DGP because X is selected on pre-treatment fit, which is unaffected by post-treatment interference strength. ':
cells with fewer than 900 valid replications (of 1,000).
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Table 26: Phase 3 Detection Test: Empirical Rejection Rates

DGP p 7T=05 7=10 7=40 7=70

Baseline 0.1 0.187 0.591 0.822 0.826
0.3 0.757 0.810 0.826 0.825
0.6 0.810 0.826 0.825 0.826
0.9 0.824 0.828 0.826 0.825
1.0 0.825 0.828 0.826 0.825

Heterogeneous 0.1 0.163 0.560 0.795 0.799
0.3 0.736 0.790 0.793 0.782 " Notes: The ring-based permutation test rejects
0.6 0.790 0.803 0.778 0.770
0.9 0.801 0.796 0.774 0.770
1.0 0.799 0.798 0.770 0.776

Factor Model 0.1 0.007 0.016 0.139 0.281
0.3 0.026 0.095 0.503 0.682
0.6 0.095 0.235 0.720 0.792
0.9 0.162 0.363 0.789 0.810
1.0 0.188 0.424 0.792 0.813

the sharp null Hp: no interference, i.e., treatment assignment is exchangeable across the treated-unit’s ring structure.

Entries are empirical rejection rates at nominal level a = 0.05; see Section [3| for the test construction. R = 1,000
replications per (7, p, DGP) cell. The Phase 3 DGP grid does not include p = 0, so rejection rates estimate power
against weak-to-strong interference, not test size. See Table 4| for a size calibration on real panel geographies. T: cells
with fewer than 900 valid replications (of 1,000).

it under the exposure-aligned penalty, downweighting but not deleting partial-exposure donors.
None of this is offset by a guarantee on what survives: Theorem [4 delivers a deterministic, monotone
envelope on the contamination bias for URX, but Trimming has no analogue. Its behavior depends
entirely on the donor subset chosen, and there is no A knob through which the researcher can shrink
the residual bias.

The simulations bear this out, beginning with pre-treatment fit. Table reports mean pre-
treatment RMSE across estimators. In the Baseline and Heterogeneous DGPs, Standard SCM has
pre-RMSE 0.138, Trimming 0.152 (a ~ 10% degradation from the smaller donor pool), URX 0.108,
and URZ 0.074. In the Factor Model DGP, Standard has 0.338, Trimming 0.344 (essentially tied),
URX 0.363 (worse than Trimming on this metric), and URZ 0.063. URZ dominates pre-period
fit everywhere but over-fits the pre-period, which translates to worse post-period variance under
factor structure (Section @ Trimming’s smaller donor pool costs roughly 10% pre-period fit in the
additive DGPs and essentially nothing under factor structure — not a decisive argument against
Trimming, but one objective cost it pays. The post-period picture sharpens the comparison. The
Group A appendix tables report Trimming alongside the four feasible correctors and the Oracle.
URX strictly dominates Trimming on post-period RMSE in the Baseline and Heterogeneous DGPs
across every (7, p) cell — at the 7 =4, p = 0.6 flagship cell, URX RMSE is 0.070 (Baseline) and
0.068 (Heterogeneous) versus Trimming’s 0.222, a roughly threefold improvement. In the Factor
Model DGP, URX and Trimming are approximately tied on post-period RMSE: at 7 = 4, p = 0.6,
URX is 0.262 versus Trimming 0.259; at p = 0.9, URX is 0.272 versus Trimming 0.259. Trimming
marginally wins on post-period RMSE in the latent-factor regime; we note this honestly. The other
three correctors (Rescaling, Constrained Ridge, URZ) do not uniformly beat Trimming, which
reinforces URX as the recommended default and positions the others as theoretically motivated
stepping stones (simplex preservation, dominance results) rather than production methods.
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State P K.=2 K,=3 K,=4
California 0.0 0.0 0.0 4.2
0.1 0.0 0.0 4.2
0.2 0.0 0.0 4.2
0.3 0.0 0.0 4.2
0.5 0.0 0.0 4.2
0.7 0.0 0.0 4.2
0.9 0.0 0.0 4.2
Minnesota 0.0 0.0 0.0 4.2
0.1 0.0 0.0 4.2
0.2 0.0 0.0 4.2
0.3 0.0 0.0 4.2
0.5 0.0 0.0 4.2
0.7 0.0 0.0 4.2
0.9 0.0 0.0 4.2
Missouri 0.0 0.0 0.0 —
0.1 0.0 0.0 —
0.2 0.0 0.0 —
0.3 0.0 0.0 —
0.5 0.0 0.0 —
0.7 0.0 0.0 —
0.9 0.0 0.0 —

Table 27: Ring Permutation: Degenerate Placebo Skip Rate (%)

Notes: Percentage of permutation draws skipped because a ring

contained only the treated state (degenerate configuration). K, = number of distance rings. Maximum observed skip

rate = 4.2% across all specifications; remaining draws produce valid F-statistics. See companion Table [4] for rejection

rates. Cells shown as — correspond to K, = 4 in the Missouri (dense) graph, where the fourth ring is empty for the

treated unit’s neighborhood so the contrast is undefined. f: cells with fewer than 900 valid replications (of 1,000).
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There remains a regime where Trimming is sensible. If the researcher has strong exogenous
knowledge of which donors are exposed — a clear geographic barrier, an administrative boundary
that exactly delineates the exposure set, or a known physical mechanism that fixes the contamination
set — Trimming is a principled choice and avoids the implicit smoothing that the reach-based
corrections impose. In the absence of such knowledge, URX is preferred. One feature of the tables
deserves comment in closing: Trimming’s column is constant in (7, p) within a DGP, because the
dropped donors are the unique conduit of (7, p) into the estimator, and dropping them severs the
channel. The across-DGP differences that do appear (Bias ~ 0.010 and RMSE ~ 0.222 in Baseline
and Heterogeneous; Bias ~ 0.012 and RMSE = 0.259 in Factor Model) reflect noise structure, not
spillover sensitivity.
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